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Abstract. Collatz conjecture has a proof.
We present a couple of observations. 1. The problem is of algo-
rithmic nature, The conjecture states that Collatz algorithm Cl
has the halting property. 2. There is an evidence of in�nite ex-
ecution of the program in a non-standard model of Peano arith-
metic. 3. For every natural number n there exists numbers x, y, z
such that the equation n · 3x + y = 2z holds. 4. Another algorithm
IC computes on triples x, y, z. The consecutivve states of memory
of any computation form monotone, descending sequences. 5.
Hence, if a computation on triples is �nite and successful then
the corresponding computation of Collatz algorithm is �nite too.
6. We construct an in�nite set Z of elementary sentences that
express the negation of halting proprty of Collatz algorithm. 7.
The set Ax′ of formulas that contains all axioms of elementary
theory of addition of natural numbers and the set Z is consis-
tent and has a model. Let M denote any structure which is a
model of axioms Ax′. 8. We show that the structure M is not
isomorphic to the standard structure of natural numbers with
addition.
From this we infer that execution of Collatz algorithm in stan-
dard model of arithmetic is �nite.
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1. Introduction

The conjecture formulated by Lothar Collatz in 1937 is an algorith-
mic problem 1. It should be shown that the following Cl program,
executed in the standard structure N of natural numbers with ad-
dition2 has a �nite computation for each n 6= 0 .
We will be investigating the stop property of the following Cl pro-
gram.

Cl :


while n 6= 1 do

if even(n) then n := n
2

else n := 3n+ 1 fi

od


In 2004, we noticed that there is a counterexample, see Appendix
C (page 29). The two conclusions that can be made out of it, are:

� The formulation of the Collatz hypothesis requires clari�cation
that the calculations are carried out in the standard model of
natural numbers with addition . Note that, the operations
of multiplication by 3 and division by 2 can be de�ned in
Presburger arithmetic by means of addition.

� The Peano axioms, much less the Presburger axioms, are not
su�cient to prove the conjecture.

And we found that if the conjecture is true, then it is a theorem of
the algorithmic theory of natural numbers AT N , (see the page 4).

1.1. Highpoints of the proof

They can be listed as follows

� the problem is of algorithmic nature (halting property).

� It is easy to construct an algorithmic formula that expresses
the halting property of Collatz program. It is di�cult to prove
the formula.

� The complement of Collatz tree, if it is a non-empty set, is a
rich, tree-like structure of in�nitely nany elements.

1It may be surprising that some people place this problem in the theory of
dynamical systems.
2programmers may prefer another formulation: execution of CL algorithm in
unsigned integers of unlimited precision
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� Every natural number can be represented using three ntural
numbers,∀n,∃x,y,z n · 3x + y = 2z.

� three easy observations

1. For a given number n, if the computation of Collatz algo-
rithm is �nite, then there exits triple 〈x, y, z〉 such that the
triple represents n and the execution of algorith IC is �nite.

2. if there is a triple 〈x, y, z〉 such that the equality ∀n,∃x,y,z n ·3x+
y = 2z holds and the execution of program IC is �nite, then
the execution of Collatz algoritm is �nite.

3. if the execution of program IC is in�nite and the equal-
ity ∀n,∃x,y,z n · 3x + y = 2z holds, then the execution of Collatz
algorithm for number n is in�nite

� If for an element n the execution of Collatz algoritthm is in-
�nite then there exists a triple 〈x, y, z〉 such that the equality
∀n,∃x,y,z n · 3x + y = 2z holds and the execution of program IC is
in�nite

2. Halting formula

Halting formula of a program K is any formula χ that expresses the
�niteness of a computation of the program K.
Note, for many programs, their halting formulas are beyond the
language of �rst-order logic. However, for every program its halt-
ing property can be expressed by an algorithmic formula of pro-
gram calculus (i.e. algorithmic logic).

The following formula (halt) expresses the halting property of
Collatz program Cl. It is to be shown that the formula is valid in
the structure N of natural numbers with addition.

while n 6= 1 do

K : if even(n) then n := n
2

else n := 3n+ 1 fi

od

 (n = 1) (halt)

Formula (LC) that asserts, there exists an iteration of the program
K, such that the condition (n = 1) holds after execution of program
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Ki is a halting formula of program Cl too.

⋃


if n 6= 1 then
if nmod 2 = 1

then n← 3n+ 1

else n← n div 2

fi


fi


(
n = 1

)
(LC)

Our goal is to show that the halting formula is valid in the stan-
dard structure N of natural numbers or to prove the formula in
algorithmic theory of natural numbers AT N . For any model of the
theory is isomorphic to the structure N . See [MS87], page 139.

Axioms of AT N


∀x x+ 1 6= 0

∀x,y x+ 1 = y + 1 =⇒ x = y

∀x {y := 0; while y 6= x do y := y + 1 od} (y = x)

 (ATN)

Theory AT N can be extended, we can add de�nitions of useful
operations +,×3,÷2, and the parity unary relation. We shall use
the following notation the atomic formula e(n) reads n is even, and
formula o(n) reads n is odd.

Making use of axioms of calculus of programs AL and axioms of
algorithmic theory of natural numbers AT N we can write a couple
of formulas that are equivalent to the halting formula halt.
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Below we display one of these formulas

(o(n) ∧ n = 1)∨
(e(n) ∧ o(n

2
) ∧ n = 2)∨

(e(n) ∧ e(n
2
) ∧ o(n

4
) ∧ n = 4)∨

(e(n) ∧ e(n
2
) ∧ e(n

4
) ∧ o(n

8
) ∧ n = 8)∨

(e(n) ∧ e(n
2
) ∧ e(n

4
) ∧ e(n

8
) ∧ o( n

16
) ∧ n = 16)∨(

e(n) ∧ e(n
2
) ∧ e(n

4
) ∧ e(n

8
) ∧ e( n

16
) ∧ o( n

32
) ∧ n = 32)∨

o(n) ∧ e(3n+ 1) ∧ e(3n+1
2

) ∧ e(3n+1
4

) ∧ e(3n+1
8

) ∧ o(3n+1
16

) ∧ n = 5

)
∨(

(e(n) ∧ e(n
2
) ∧ e(n

4
) ∧ e(n

8
) ∧ e( n

16
) ∧ e( n

32
) ∧ o( n

64
) ∧ n = 64)∨

e(n) ∧ o(n
2
) ∧ e(3n+1

2
) · · · ∧ n = 10

)
∨

e(n) ∧ e(n
2
) ∧ e(n

4
) ∧ e(n

8
) ∧ e( n

16
) ∧ e( n

32
) ∧ e( n

64
) ∧ o( n

128
) ∧ n = 128)∨

o(n) ∧ e(3n+ 1) ∧ e(3n+1
2

) · · · ∧ n = 21)

e(n) ∧ o(n
2
) ∧ e(3n+1

2
) · · · ∧ n = 20∨

o(n) ∧ e(3n+ 1) ∧ o(3n+1
2

) · · · ∧ n = 3

∨


if n 6= 1 then
if nmod 2 = 1

then n← 3n+ 1

else n← n div 2

fi


fi
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⋃


if n 6= 1 then
if nmod 2 = 1

then n← 3n+ 1

else n← n div 2

fi


fi


(
n = 1

)


Based on these experiments, we can make some observations:

� There are many equivalent formulas that express the halting
property of Collatz algorithm. In particular, each formula δi
from the sequence {δi}, i = 0.1.2. . . .

i∨
j=0

{Kj}(n = 1) ∨ {Ki+1}
⋃
{K}(n = 1) where i = 0.1.2. (δi)

is a halting formula of Collatz algorithm.
Evidently, the property can be expressed by other formulas.

� There is an easy way to create the i-th formula of this sequence

δ0
df
= (o(n) ∧ n = 1)
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δi+1
df
= {K}δi

Now, by distributivity of algorithms over disjunction (i.e. ax-
iom Ax15) one can obtain

{K}δi ≡ {K}
( i∨
j=0

{Kj}(n = 1) ∨ {Ki+1}
⋃
{K}(n = 1)

)
(1)

≡
(i+1∨
j=0

{Kj}(n = 1) ∨ {Ki+2}
⋃
{K}(n = 1)

)
(2)

≡ δi+1 (3)

� Let an algebraic structure A has the signature consistent with
the signature of elementary theory of natural numbers with
addition, let v be a valuation of variable n. From the de�nition
of semantics we have

(δi)A(v) = l.u.b.
i∈N

( i∨
j=0

{Kj}(n = 1)

)
A

(v)

� the correspondence between the levels of the Collatz tree and
the components of the halting formula is clearly visible,

� at higher levels of the Collatz tree more and more odd numbers
appear - and the subsequent components of the halting formula
are alternatives of longer and longer conjunctions of factors o(�)
or e(�),

� Note, the alternative (n = 128∨n = 21∨n = 20∨n = 3) may be written
as follows (n · 30 + 0 = 27 ∨ n · 31 + 1 = 26 ∨ n · 31 + 4 = 26 ∨ n · 32 + 5 = 25).

In the section 4 we shall use this observation.

3. Collatz tree

It is easy to notice that the set of those natural numbers for which
the computation of the Collatz algorithm is �nite, forms a tree.

De�nition 3.1. Collatz tree DC is a subset D ⊂ N of the set N of
natural numbers and the function f de�ned on the set D \ {0, 1}.

DC = 〈D, f〉
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where D ⊂ N, 1 ∈ D, f : D \ {0, 1} → D.
Function f is determined as follows

f(n) =

{
n÷ 2 when n mod 2 = 0

3n+ 1 when n mod 2 = 1

, the set D is the least set containing the number 1 and closed with
respect to the function f,

D = {n ∈ N : ∃i∈N f i(n) = 1 } .

As it is easy to see, this de�nition is highly entangled and the deci-
sion whether the set D contains every natural number is equivalent
to the Collatz problem.

Remark 3.1. Set D has the following properties :

x ∈ D =⇒ (x+ x) ∈ D (4)

x ∈ D ∧ ∃yx = y + y =⇒ y ∈ D (5)

x ∈ D ∧ ∃yx = y + y + 1 =⇒ (x+ x+ x+ 1) ∈ D (6)

x ∈ D ∧ (∃e∃ze = z + z + 1 ∧ x = e+ e+ e+ 1) =⇒ e ∈ D (7)

Implications (4) and (7) show left and right son of element x.

Similar, interesting properties has the complement of set D, if it is

a non-empty set. Let cD
df
= N \D denote the cmplement of set D.

Remark 3.2. If the complement N \ D is a non-empty set, then it
has similar properties:

x ∈ cD =⇒ (x+ x) ∈ cD (8)

x ∈ cD ∧ ∃yx = y + y =⇒ y ∈ cD (9)

x ∈ cD ∧ ∃yx = y + y + 1 =⇒ (x+ x+ x+ 1) ∈ cD (10)

x ∈ cD ∧ (∃e∃ze = z + z + 1 ∧ x = e+ e+ e+ 1) =⇒ e ∈ cD (11)

Note, both sets D and cD may be considered as graphs. Their
structures are similar. However, the graph cD is not a tree .

Remark 3.3. If Collatz conjecture is not true, then both sets D and
N \D are in�nite.

From properties (6) and (7) follows the
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Fact 3.1. If an x element does not belong to the Collatz tree then
the computation of the Collatz algorithm starting with the state
v(n) = x is not �nite.

Let us terminate this section with the following observation

Remark 3.4. In a non-standard model of elementary theory of nat-
ural numbers with addition, the complement of Collatz tree is an
in�nite set.

For in this model there are unreachable elements, c.f. section 9.

4. Triples

The observations made when analyzing the halting formula of Col-
latz algorithm inspired us to introduce the notion of triple repre-
senting a given natural number n. Weshall also discuss the compu-
tations "on triples". Let us begin with the following remark

Fact 4.1. For every natural number n 6= 0 there exist many triples
x, y, z of natural numbers such that the following equality holds

n · 3x + y = 2z

We say that triple x, y, z represents the number n and denote it by
〈x, y, z〉 � n.

Proof:
The proof of this intuitive fact uses the law of Archimedes 3.

Let n be an arbitrary natural number. We choose a number x, it
may be an arbitray natural number. Let the number k = n · 3x. Put
z = (µz)(2z ≥ k). and y = 2z − n · 3x. Obviously the equality n · 3x + y = 2z.
holds. ut

Example 4.1. Triple 〈1, 7, 6〉 represents number 19 for 19 · 3 + 7 = 26.
Number 19 is represented by many moretriples.

3We recall that the law is not an elementary property, it can be formulated by
an algorithmic formula ∀0<a<b{z := a; while z ≤ b do z := z + a od}(z > b) }.
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〈1, 7, 6〉 19 · 31 + 7 = 26

〈2, 85, 8〉 19 · 32 + 85 = 28

〈3, 511, 10〉 19 · 33 + 511 = 210

〈4, 509, 11〉 19 · 34 + 509 = 211

〈5, 3575, 13〉 19 · 35 + 3575 = 213

〈6, 2533, 14〉 19 · 36 + 2533 = 214

〈7, 23983, 16〉 19 · 37 + 23983 = 216

· · ·

Note, not every triple represents a number, consider 〈2, 4, 11〉, 〈2, 4044, 11〉
.

Fact 4.1 is a theorem of elementary theory of natural numbers with
addition T , c.f. section 8.

Theorem 4.1. The sentence ∀n∃,x,y.z n ·3x+y = 2z is a theorem of theory
T ,

The proof is in section 8. Hence the theorem is valid in any model
of theory T ,

4.1. Properties of triples

De�nition 4.1. Triples 〈x, y, z〉 and 〈u, v, t〉 are equivalent if they rep-
resent the same natural number .

〈x, y, z〉 ≡ 〈u, v, t〉 df
=

2z − y
3x

∈ N ∧ 2z − y
3x

=
2t − v

3u

Moreover, one can de�ne a (lexicographical) order in the set of
triples �.

De�nition 4.2.

〈u, v, t〉 � 〈x, y, z〉 df⇔ x < u lub x = u i z < t lub x = u i z = t i y < v

It follows from the fact 4.1 that , for every natural number n there
is a triple representing n such, that yhe number y is bigger than an
arbitrarily chosen number k.
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De�nition 4.3. The relation of parity of a triple is determined by
the parity of number y.

odd(〈x, y, z〉) df⇔ y jest nieparzyste

Another fact

Fact 4.2. Number n is odd i� the triple 〈x, y, z〉 that represents n is
odd .

De�nition 4.4. One

equal1(〈x, y, z〉) df⇔ (2z − y = 3x)

De�nition 4.5. Klasa trójek równowaznych jest zbiorem trójek reprezen-
tuj¡cych t¦ sam¡ liczb¦ n.

Jedynka jest reprezentowana przez wiele trójek, np. 〈0, 0, 0〉, 〈0, 1, 1〉, 〈1, 1, 2〉, 〈1, 5, 3〉, 〈2, 7, 4〉, ...

Na trójkach mo»emy okre±li¢ dwie operacje

De�nition 4.6. Operacja div2 przeprowadza trójk¦ parzyst¡ 〈x, y, z〉
w trójk¦ 〈x, y ÷ 2, z − 1〉

〈x, y, z〉 {div2}−−−→ 〈x, y ÷ 2, z − 1〉

De�nition 4.7. Operacja mult3 okre±lona jest na trójkach 〈x, y, z〉 ta-
kich, »e trójka 〈x, y, z〉 jest nieparzysta i x > 0 i y > 3x−1. W takim
przypadku operacja mult3 przeprowadza trójk¦ 〈x, y, z〉 w trójk¦ 〈x−
1, y − 3x−1, z〉

〈x, y, z〉 {mult3}−−−−→ 〈x− 1, y − 3x−1, z〉

Zauwa»

Fact 4.3. Trójka 〈x, y, z〉 reprezentuje liczb¦ parzyst¡ n wttw gdy
trójka 〈x, y ÷ 2, z − 1〉 reprezentuje liczb¦ n÷ 2.
Ponadto 〈x, y ÷ 2, z − 1〉 ≺ 〈x, y, z〉.
Je±li liczba y jest nieparzysta i zachodzi x > 0∧y > 3x−1 to trójka 〈x, y, z〉
reprezentuje liczb¦ n wttw gdy trójka 〈x − 1, y − 3x−1, z〉 reprezentuje
liczb¦ 3n+ 1.
Ponadto 〈x− 1, y − 3x−1, z〉 ≺ 〈x, y, z〉.

Zauwa»my z kolei
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Lemma 4.1. Je±li program K: {if odd then mult3 else div2 fi} przeprowadza
trójk¦ 〈x, y, z〉 w trójk¦ 〈u, v, t〉, to wynikowa trójka 〈u, v, t〉 jest mniejsza
≺ od trójki 〈x, y, z〉.

〈x, y, z〉 {if odd then mult3 else div2 fi}−−−−−−−−−−−−−−−−−−−−→ 〈u, v, t〉 implikuje 〈u, v, t〉 ≺ 〈x, y, z〉

Proof:
Je±li liczba y jest parzysta to od z odejmujemy jedynk¦ i dzielimy
y przez 2. W przeciwnym przypadku zmniejszana jest liczba x i od
y odejmowana jest liczba 3x. ut

W ka»dym kroku obliczenia algorytmu Collatza wyra»enie x + z
zmniejsza sw¡ warto±¢ o 1, zmniejszana jest te» warto±¢ zmiennej
y.

Wynika st¡d, »e ka»de obliczenie w strukturze T jest sko«czone.
Obserwacje poczynione dotychczas pozwalaj¡ stwierdzi¢, »e nast¦pu-
j¡cy diagram jest przemienny.

Lemma 4.2. Dziaªanie na trójkach prowadzi od trójki 〈x, y, z〉 kodu-
j¡cej liczb¦ n i speªnajacej przy tym warunek ζ :

(
(y mod 2 = 1)⇒ (x >

0 ∧ y > 3x−1)
)
, do kolejnej trójki 〈u, v, t〉, która reprezentuje wynik m

nast¦puj¡cej instrukcji warunkowej K : {if odd(n) then n := 3 ∗ n + 1 else
n := ndiv2 fi}.

ζ ⇒

∣∣∣∣∣∣∣∣∣
n

K: {if odd(n) then m:=3n+1 else m:=n/2 fi}N−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ mxm·3x+y=2z m·3u+v=2t

x
〈x, y, z〉 K̄: {if odd(y) then u,v,t:=x−1,y−3x−1,z else u,v,t:=x,y/2,z−1 fi}T−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ 〈u, v, t〉

∣∣∣∣∣∣∣∣∣
Diagram ten jest przemienny pod warunkiem, »e mo»na wykona¢
operacj¦ odejmowania tzn. gdy y jest liczb¡ parzyst¡ lub y jest
nieparzyste i (x > 0 lub y > 3x−1). Semantyczn¡ tre±¢ opisan¡ powy»szym
diagramem mo»na wyrazic nast¦puj¡c¡ formuªa(

(n · 3x + y = 2z ∧ odd(y))⇒ (x > 0 ∧ y > 3x−1))
)
⇒ {K; K̄}(n · 3x + y = 2z)

Pami¦tajmy, »e programy K oraz K̄ s¡ niezale»ne, a wi¦c przemi-
enne.(

(n · 3x + y = 2z ∧ odd(y))⇒ (x > 0 ∧ y > 3x−1))
)
⇒ {K̄;K}(n · 3x + y = 2z)
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Przemienno±¢ tego diagramu pozwala nam dostrzec, »e ka»demu
obliczeniu algorytmu Collatza Cl w strukturze N liczb naturalnych,
odpowiada obliczenie sprz¦»onego z Cl, algorytmu IC w strukturze
trójek T.

Lemma 4.3. If the following condition is satis�ed θ

θ : (n · 3x + y = 2z) ∧
⋂ 

if 3x + y 6= 2z

then

if odd(y)

then x, y := x− 1, y − 3x−1

else z, y := z − 1, y ÷ 2

fi

fi

 (odd(y) =⇒ (x > 0 ∧ y > 3x−1))

Then the following diagram commutes

n
{while n6=1 do if odd(n) then n:=3n+1 else n:=n/2 fi od}N−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ 1xn·3x+y=2z 3x+y=2z

x
〈x, y, z〉 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

while 3x + y 6= 2z do

if odd(y) then x, y, z := x− 1, y − 3x−1, z

else x, y, z := x, y/2, z − 1 fi

od


T

〈x, y, z〉 (CCI)

This property is expreses by the formula

θ ⇒
(
{Cl}(n = 1)⇔ {IC}(3x + y = 2z)

)
. (RCI)

Proof:
goes by induction with respect to the number of iterations. Base
of induction reduces to the commutativity of the preceding fact

ζ ⇒


n

{K}N−−−−−→ m

n·3x+y=2z

x xm·3u+v=2t

〈x, y, z〉 K̄T−−−−−→ 〈u, v, t〉

 .

If the execution of algorithm is longer, say of length 2, then the
following diagram applies

(ζ ∧ {K̄}ζ)⇒


n

{K}N−−−−−→ n1
{K}N−−−−−→ n2

n·3x+y=2z

x n1·3x1+y1=2z1

x n2·3x2+y2=2z2

x
〈x, y, z〉 K̄T−−−−−→ 〈x1, y1, z1〉

K̄T−−−−−→ 〈x2, y2, z2〉

 .
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By induction, we prove that for every natural number i the fol-
lowing diagram commutes

i∧
j=0
{K̄}jζ ⇒

∣∣∣∣∣∣∣∣∣∣
n

{K}N−−−−−→ n1
{K}N−−−−−→ n2

...−−−−−→ ni−1
{K}N−−−−−→ ni

n·3x

x+y=2z n1·3x1+y1

x=2z1 n2·3x2+y2

x=2z2 ...

x ni·3xi+yi=2zi

x
〈x, y, z〉 K̄T−−−−−→ 〈x1, y1, z1〉

K̄T−−−−−→ 〈x2, y2, z2〉
...−−−−−→ 〈xi−1, yi−1, zi−1〉

K̄T−−−−−→ 〈xi, yi, zi〉

∣∣∣∣∣∣∣∣∣∣

Now, if for some i ∈ N the number ni = 1, then ∀kni+k = 1. Thus, the
formula RCI has a proof. ut

��
Trzy ªatwe i jeden nieoczywisty lemat.
Lemat 1. Je±li dla pewnego elementu n obliczenie algorytmu Col-
latza jest sko«czone to istniej¡ trzy elementy x, y, z takie , »e za-
chodzi równo±¢ n · 3x + y = 2z i obliczenie algorytmu IC dla tej trójki
jest sko«czone i wolne od bª¦du.
Lemat 2. Je±li istnieje trójka x, y, z reprezentuj¡ca element n i
obliczenie algorytmu trójkowego jest sko«czone i wolne od bª¦du
Err , to obliczenie algorytmu Collatza dla n jest sko«czone.
Lemat 3. W ka»dej strukturze algebraicznej A b¦d¡cej modelem
aksjomatów rlementarnej teorii dodawania liczb naturalnych, je±li
istnieje trójka x, y, z reprezentuj¡ca element n i obliczenie algorytmu
trójkowego jest niesko«czone , to obliczenie algorytmu Collatza dla
n jest niesko«czone.
Lemat 4. W ka»dej strukturze algebraicznej A b¦d¡cej modelem ak-
sjomatów rlementarnej teorii dodawania liczb naturalnych, je±li dla
pewnego elementu n obliczenie algorytmu Collatza jest niesko«c-
zone to istniej¦ trzy elementy x, y, z takie , »e zachodzi równo±¢
n · 3x + y = 2z i obliczenie algorytmu IC dla tej trójki jest niesko«c-
zone i wolne od bª¦du.
��
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The same conclusion may be obtained by an almost formal
proof of the formula

θ ∧ ¬{n := ε; Cl}(n = 1)⇒ ¬{IC}true

Mysl¦, »e da si¦ dowie±¢ takiego zdania (z meta-teorii AT N
dla ka»dej liczby naturalnej i = o, 1, . . . twierdzeniem teorii AT N
jest zdanie o postaci

ε3x + y = 2z ∧ yi ∧ {n := ε;Ki}(n 6= 1)⇒ {K̄i}(3x + y 6= 2z)

Je±li tak jest to stosuj¡c dwukrotnie aksjomat Ax17 otrzymamy
stwierdzenie, ze twierdzeniem teorii AT N jest ka»da formuªa

(n3x + y = 2z ∧
⋂
{K}(oddy →) ∧ ¬{Cl}(n = 1) ⇒ {K̄}i(3x + y 6= 2z), gdzie

i = 0, 1, . . . . Stad przez zastosowanie reguªy wnioskowania (r5)
otrzymamy

n3x + y = 2z ∧
⋂
{K}(oddy) ∧ ¬{Cl}(n = 1)⇒ ¬{IC}(Err ∨ 3x + y = 2z)

4.2. Zbiory Tn

Ka»dej liczbie n przyporz¡dkowujemy zbiór Tn trójek x, y, z takich,
»e zachodzi równo±¢ n3x + y = 2z.
Zbiór taki jest niepusty.
Zbiory Tn s¡ parami rozª¡czne, tj. n 6= m =⇒ Tn ∩ Tm = ∅.
Zbiór Tn jest zamkni¦ty ze wzgl¦du na operacje o1, o2, o3, o4, o5, o6

o1(〈x, y, z〉) = 〈x+ 1, 3y + 2z, z + 2〉 (12)

o2(〈x, y, z〉) = 〈x+ 1, 3y − 2z, z + 1〉 gdy 3y > 2z (13)

o3(〈x, y, z〉) = 〈x, y + 2z, z + 1〉 (14)

o4(〈x, y, z〉) = 〈x, y − 2z−1, z − 1〉 gdy y > 2z−1 (15)

o5(〈x, y, z〉) = 〈x− 1,
y − 2z−2

3
, z − 2〉 gdy y > 2z−2 i (y − 2z−2)mod3 = 0(16)

o6(〈x, y, z〉) = 〈x− 1,
y + 2z−1

3
, z − 1〉 (17)

Wynika st¡d, »e zbiór Tn jest niesko«czony i nieograniczony.

Zauwa» zwi¡zki
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o5(o1(〈x, y, z〉) = 〈x, y, z〉
o4(o3(〈x, y, z〉) = 〈x, y, z〉
o6(o2(〈x, y, z〉) = 〈x, y, z〉
o4(o1(〈x, y, z〉) = 〈x, y, z〉
O trójkach zb¦dnych (niepotrzebnych) ...
Trójka wieksza od trójki przydatnej nie musi by¢ przydatna, mo»e
by¢ zb¦dna.
PRZYK�AD.
Ale te» od ka»dej trójki dobrej istnieje wi¦ksza od niej trójka dobra.

4.3. Program IC

A wi¦c mo»na realizowa¢ obliczenia algorytmu Collatza "na trójkach".
Rozwa»my nast¦puj¡cy program. Zakªadamy, »e program IC star-
tuje z warto±ciami x, y, z speªniaj¡cymi warunel n · 3x + y = 2z ∧ ¬Err.
Jest to warunek wst¦pny oblicze«.

IC :



while 3x + y 6= 2z (∗ tj. n 6= 1 ∗) do

if
(
odd(y) ∧ ((x = 0) or (y < 3x−1))

)
then Err := true; exit fi;

if odd(y) then x := x− 1; y := y − 3x; (∗n := 3 ∗ n+ 1 ∗)
else z := z − 1; y := y div 2; (∗n := n

2
∗) fi

od


Obliczenie w strukturze trójek jest zawsze sko«czone. Wynika to z
nast¦puj¡cego twierdzenia algorytmicznej teorii liczb naturalnych
AT N .

AT N ` ∀x{while x 6= 0 do x := x− 1 od}(x = 0)

Co prawda, mo»e si¦ zdarzy¢, »e obliczenie algorytmu IC zako«czy
si¦ niepowodzeniem, Err = true.

4.4. Wªasno±ci programu IC

Fakt 1. Ka»de obliczenie programu IC jest sko«czone i albo jest
sukces i osi¡gni¦to jedynk¦ albo jest bª¡d i obliczenia algorytmu
IC nie mo»na kontynuowa¢.

N |= ∀n (n · 3x + y = 2z) =⇒ {IC}
(
(3x + y = 2z)︸ ︷︷ ︸
〈x,y,z〉�1

∨ (odd(y) ∧ (x = 0 ∨ y < 3x−1)︸ ︷︷ ︸
Error

)
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Bª¡d o jakim tu mowa to niemo»no±¢ kontynuowania oblicze«. Jest
tak gdy y jest nieparzyste i y < 3x−1 lub gdy y jest nieparzyste i x =
0. Pierwszy bª¡d ªatwo wyeliminowa¢, zauwa», »e trójka 〈x, y, z〉
reprezentuje t¦ sam¡ liczb¦ co trójka 〈x, y+ 2z, z+ 1〉. Wystarczy wi¦c
w sytuacji gdy y jest nieparzyste i y < 3x−1 zast¡pi¢ trójk¦ 〈x, y, z〉 przez
trójk¦ 〈x, y+2z, z+1〉. Zniknie te» ryzyko wyst¡pienia bª¦du drugiego
rodzaju. Upowa»nia to nas do sformuªowania nast¦puj¡cej uwagi.

Uwaga 2. Je±li obliczenie algorytmu IC rozpoczynaj¡ce si¦ od pewnej
trójki 〈x, y, z〉 ko«czy sie po k iteracjach bª¦dem Err = true to oblicze-
nie algorytmu IC rozpoczynaj¡cego si¦ od trójki 〈x + 1, 3y + 2z, z + 2〉
b¦dzie dªu»sze o co najmniej dwie iteracje. Obie te trójki reprezen-
tuj¡ t¦ sama liczb¦ n.

4.5. Program IIC

Powy»sze uwagi prowadz¡ do napisania programu poszukujacego
dla liczby n dobrej trójki j¡ reprentujacej.

IIC :

read(n);

Let z = (µr)(2r ≥ n).
x, xs := 0; zs := z; y, ys := 2z − n;
Err := false;

while 3xs + ys 6= 2zs do

IC :

while 3x + y 6= 2z do

if odd(y) ∧ (x = 0 ∨ y < 3x−1)

then Err:=true; exit �;

if odd(y) then y := y − 3x−1;x := x− 1

else y := y/2; z := z − 1 �;

od;

if Err then

x, xs := xs + 1; z, zs := zs + 2; y, ys := 2zs + 3 · ys;
Err := false;

else exit �;

od

Nietrudno zauwa»y¢, »e program IIC pomija trójki prowadz¡ce do
bªedu".

Remark 4.1. Dla danej liczby n program IIC ma obliczenie niesko«c-
zone wtedy i tylko wtedy gdy program Cl ma obliczenie niesko«c-
zone.
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Program IIC dokonuje systematycznego przeszukiwania w zbiorze
Tn i ewentualnie zwraca najmniejsz¡ trójke "dobr¡", tj. tak¡, »e
obliczenie programu IC jest udane.

5. Proof of Collatz theorem

Our plan may be summarized in four points:

(i) We proved that the sentence ∀n∃x,y,z n · 3x + y = 2z is a theorem
of the elementary theory T + of natural numbers with addition
(Presburger theory). See Appendix B, page 28. Hence, this
sentence holds true in any model of the theory.

(ii) In Appendix C, page 29, we show in�nite computations of Col-
latz's algorithm in a non-standard (non-Archimedean) model
of Presburger arithmetic Ar. The model is computable and pro-
grammable. This example is not a complete counter-example
against Collatz conjecture. It only shows that the Collatz con-
jecture is not a theorem of elementary theory of natural num-
bers with addition or any other elementary theory.

(iii) We proved that there is a model M of the T + theory such, that
it contains an element ε ,for which the Collatz algorithm has
an in�nite computation, c.f. lemma 5.1. We do not assume
that this model contains unreachable elements.

(iv) We show that in any model of T + theory , if for a certain n
element, the computation of the Collatz algorithm is in�nite,
then the model is not isomorphic to the standard model of
natural numbers (for it contains unreachable elements).

From this we conclude, that if a model has no unreachable ele-
ments, then there are no in�nite computations.

5.1. Structure in which some element has an in�nite
Collatz computation.

We have known that in the non-standard model of Presburger
arithmetic M unreachable elements have in�nite Collatz compu-
tations. The model is described in the literature, see [Grz71]. We
provide examples of in�nite Collatz computations and a de�nition
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of this structure in a programming language in section 9, Appendix
C. Now, we are going to to show that there are non-Collatz ele-
ments without assuming that they are unreachable elements.
We construct an elementary theory T + which is an extension of the
theory of T (i.e. Presburger arithmetic) in a way that permits to
show an element di�erent from any number that occurs in Collatz
tree.
The extension of theory T is made in three steps

1. (language) we add a new constant ε to the alphabet and corre-
spondingly we extend the sets of term and of formulas of the
language of theory T .

2. (logic) the operation of consequence remains the same, remem-
ber the sets of terms and of formulas are bigger,

3. (axioms of data structure) to the set Ax of Presburger's axioms
we add an in�nite set of sentences Z.

Our intention is to prove the following fact. An assumption that
for some element ε the Collatz computation is in�nite, does not
lead to a contradiction with axioms of elementary theory of addi-
tion of natural nymbers (i.e. the Presburger's theory).

As a natural re�ex, we would like to add the negation of the in-
stance of halting formula for n = ε to the axioms of of T theory.
However the formula

¬{n← ε}



while n 6= 1 do

if even(n)

then n← ndiv 2

else n← 3n+ 1

fi

od


(n = 1)

does not belong to the language of elementary theory of T . More-
over, the following formula 18 that expresses the same looping
property of computation of Collatz algorithm does not belong to
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the language of �rst-order theory Ar.

{n← ε}
⋂


if n 6= 1 then

if nmod 2 = 0

then n← n div 2

else n← 3n+ 1

fi

fi


(n 6= 1) (18)

However, for every algebraic structure A the above formula (18) is
valid in M if and only if every formula of the following scheme is
valid in A

{n← ε}(n 6= 1),

{n← ε}


if n 6= 1 then

if even(n) then n← n div 2

else n← 3n+ 1 fi

fi

 (n 6= 1),

. . .

{n← ε}


if n 6= 1 then

if even(n) then n← n div 2

else n← 3n+ 1 fi

fi


i

(n 6= 1),

. . .

Each of these formulas is equivalent to certain �rst-order formula
ϑ, such that the formula does not contain any algorithm. One can
verify this claim making use of axioms of assignment instruction
e.g. {n← ε}(n > 1) ≡ (ε > 1)}, conditional instruction and composition
of programs. We illustrate our claim by the following equivalence.

{n← ε}{if P (n) then n← n div 2 else n← 3n+ 1 fi}(n 6= 1) ≡((
P (ε) ∧ ε 6= 2

)
∨
(
¬P (ε) ∧ 3ε+ 1 6= 1

)︸ ︷︷ ︸
false

)
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Continuing, we obtain the following formulas

Formuªa

(o(ε) ∧ ε 6= 1)

(e(ε) ∧ o( ε
2
) ∧ ε 6= 2)

(e(ε) ∧ e( ε
2
) ∧ o( ε

4
) ∧ ε 6= 4)

(e(ε) ∧ e( ε
2
) ∧ e( ε

4
) ∧ o( ε

8
) ∧ ε 6= 8)

(e(ε) ∧ e( ε
2
) ∧ e( ε

4
) ∧ e( ε

8
) ∧ o( ε

16
) ∧ ε 6= 16)(

e(ε) ∧ e( ε
2
) ∧ e( ε

4
) ∧ e( ε

8
) ∧ e( ε

16
) ∧ o( ε

32
) ∧ ε 6= 32)∨

o(ε) ∧ e(3ε+ 1) ∧ e(3ε+1
2

) ∧ e(3ε+1
4

) ∧ e(3ε+1
8

) ∧ o(3ε+1
16

) ∧ ε 6= 5

)
(

(e(ε) ∧ e( ε
2
) ∧ e( ε

4
) ∧ e( ε

8
) ∧ e( ε

16
) ∧ e( ε

32
) ∧ o( ε

64
) ∧ ε 6= 64∨

e(ε) ∧ o( ε
2
) ∧ e(3ε+1

2
) · · · ∧ ε 6= 10

)


e(ε) ∧ e( ε
2
) ∧ e( ε

4
) ∧ e( ε

8
) ∧ e( ε

16
) ∧ e( ε

32
) ∧ e( ε

64
) ∧ o( ε

128
) ∧ ε 6= 128∨

o(ε) ∧ e(3ε+ 1) ∧ e(3ε+1
2

) · · · ∧ ε 6= 21∨
e(ε) ∧ o( ε

2
) ∧ e(3ε+1

2
) · · · ∧ ε 6= 20∨

o(ε) ∧ e(3ε+ 1) ∧ o(3ε+1
2

) · · · ∧ ε 6= 3


. . .

Horizontal lines separate formulas corresponding to di�erent levels
of Collatz tree. We de�ne the set Z as containing all formulas ε 6= k
such�that the expression n = k occurs in halting formula of Collatz
algorithm, k is number. Hence, the set Z contains the sentences
{ε 6= 1, ε 6= 2, ε 6= 4, ε 6= 8, ε 6= 16, ε 6= 32, ε 6= 5, ε 6= 64, ε 6= 10, ε 6= 128, ε 6= 20, ε 6= 21, ε 6= 3, . . . }

Na zbiór Ax′ aksjomatów nowej teorii skªadaj¡ si¦: aksjomaty Ax
teorii Presburgera (por. Dodatek A, strona 26) oraz niesko«czony
zbiór Z.

Ax′ = Ax ∪ Z

Udowodnimy, »e zbiór Ax′ jest niesprzeczny. Zaczniemy od wykaza-
nia, »e ka»dy sko«czony podzbiór Ax0 zbioru Ax′ jest niesprzeczny
. Wyka»emy mianowicie, »e zbiór Ax0 posiada model w standard-
owej strukturze N liczb naturalnych z dodawaniem. Nasze zadanie
ogranicza si¦ do podania wªa±ciwej interpretacji staªej: ε.
Niech Z0 b¦dzie dowolnym sko«czonym podzbiorem zbioru Z.
Zbiór zda« Ax ∪ Z0 jest niesprzeczny. Aby to wykaza¢ we¹my jako
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warto±¢ staªej ε jak¡± liczb¦ l wi¦ksz¡ od ka»dej liczby k wyst¦pu-
j¡cej w zbiorze zda« Z0. Taki wybór zapewnia prawdziwo±c ka»dego
zdania ze zbioru Z0.

We proved that every �nite subset of the set Ax′ is consistent.

By the compactness theorem on �rst-order logic4, we obtain

Lemma 5.1. The set Ax′ is a consistent set of formulas.

Now, we apply the model existence theorem5, which reads: for ev-
ery consistent set S of �rst-order formulas there exists an algebraic
structure A such that it is a model of the set S, i.e. for every for-
mula σ ∈ S the formula is valid in the structure A.
In this way we proved the following lemma.

Lemma 5.2. There is an algebraic structure M, such that every sen-
tence of the set Ax′ is valid in it.

Corollary 5.1. The execution of Collatz algorithm in structure M
that starts with value of variable n equal ε, v(n) = ε is in�nite.

For the structure M is a model of the set Z.

Corollary 5.2. Element ε of structure M does not belong to the
Collatz tree DC.

It remains to be proved that every standard natural number has a
�nite Collatz computation.
This it is equivalent to the following statement for every element
n if its Collatz computation is in�nite than the element n is non-
standard (i.e. unreachable) element of a model of elementary the-
ory of natural numbers.

4Compactness theorem If every �nite subset of a set S of formulas is consistent,
then the set S is consistent too.
5of �rst-order logic
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5.2. In�nite Collatz computation require unreachable
elements

In our proof we shall imitate the proof of lemma 5.1 . Let ε be
an arbitrary element such, that the execution of Collatz algorithm
isin�nite. (i.e. element ε is non-Collatz one). It is evident that the
execution of algorithm IIC (c.f. 4.5) for element ε is in�nite, too.
For any triple 〈x, y, z〉 of standard, natural numbers the execution of
program IC terminates with the error Err.
Yet, the execution of Collatz algorithm for the element ε is in�nte.
Our nearest goal is to prove that there exist three elements cx, cy, cz
such that 1◦ the equality ε · 3cx + cy = 2cz holds and 2◦ the computation
of algorithm IC is in�nite.

We extend the language of the elementary theory T + badding to it
four constants: cn, cx, cy, cz. We �x the value of constant cn assuming
that the equality cn = ε is an axiom of new theory. We aregoing to
show that the following set of �rst-order sentences Ax′ = Ax∪Df∪U∪Y
is consistent. Sets Ax and Z were described earlier. Set U contains
one formula cn · 3cx + cy = 2cz. Set Df contains de�nitions of useful
operations and relations P2, P3, 3x, div2, even, odd, c.f. section 7.
Set Y contains all �rst-order sentences quivalent to the algorithmic
sentences of the form


x := cx;

y := cy ;

z := cz ;

Err := false





if 3x + y 6= 2z then

if (odd(y) ∧ (x = 0 ∨ y < 3x−1)) then Err := true

else

if odd(y) then

x := x− 1; y := y − 3x

else

y := y ÷ 2; z := z − 1

fi

fi

fi



i

(¬Err)

where i = 0, 1, 2, . . . .

In other words Y is a sequence Y = {y0, y1, y2, . . . }.
Sentence yi expresses the following semantical property: Let s be
an execution of algorithm IC that starts with triple 〈cx, cy, cz〉. If
during this execution, after i steps and reached the state x, y, z then
if the current state does not represents the number 1, then in the
next step no errror Err will be raised.
In other words the sentence yi excludes the risk of error Err in i+ 1-
th step of execution.
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As we did it earlier, we show that every �nite subset Ax0 ⊂ Ax′ is
consistent. We shall use observations made in section 4.5, that
concern the algorithm IIC. Let Y0 be any �nite subset of the set Y
of sentences. Let i be the largest number of iterations mentioned in
the set . From the properties of algorithm IICwe know that there
exists triple 〈x, y, z〉 of natural numbers such, that during exection
of i iterations of program K̄ no error Err will occur.
Hence, we can apply the compactness theorem and assert that the
whole set Ax′ is consistent.
By completeness theorem we infer that there is a triple 〈x, y, z〉 such
,that for every natural number i after execution of i iterations of the
while intruction in algorithm IC the next iteration can be executed
without risk of Err error. I.e. the condition θ mentioned in the
lemma 4.3 is satis�ed. Let us cite it here

θ :


(ε · 3cx + cy = 2cz )∧


x := cx;

y := cy ;

z := cz

⋂


if 3x + y 6= 2z

then

if odd(y)

then x, y := x− 1, y − 3x−1

else z, y := z − 1, y ÷ 2

fi

fi



(
odd(y) =⇒
(x > 0 ∧ y > 3x−1)

)


Hence, two formulas hold: the formula θ and ¬{n := ε;Cl}(n = 1).

From this conjunction we deduce

Corollary 5.3. If the condition θ holds and the execution of program
Cl for n = ε is in�nite, then the computation of program IC starting
with the triple 〈cx, cy, cz〉 is in�nite too .

Proof:
This is an immediate consequence of the lemma 4.3. ut

5.3. Collatz theorem

Let's summarize what we know:

� If the Collatz computation for an element n is �nite, then there
is a triple 〈x, y, z〉 such that n · 3x + y = 2z and the computation of
algorithm IC for this triple is �nite.

� If for some triple 〈x, y, z〉, the following equality holds n · 3x +
y = 2z and the computation of algorithmIC is �nite, then the
computation of the Collatz algorithm for n is �nite.
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� if in a model M of the elementary theory of natural numbers
with addition (i.e. Presburger theory) an element n is un-
reachable, then the computation of the Collatz algorithm for
n is in�nite.

� There is a structure M, model of Presburger arithmetic and
an element ε such that, the computation of the Cl algorithm is
in�nite.

� Let an algebraic structure A be a model of Presburger arith-
metic. Let n be any element for which the computation of the
Collatz algorithm is in�nite. There are three elements: 〈x, y, z〉
such, that the equality n · 3x + y = 2z holds and the computation
of the IC algorithm for this triple is in�nite.

From these facts we derive the following proposition.

Theorem 5.1. (Collatz 1937 )

For every natural number n, the execution of Collatz algorithm is
�nite.

Proof:
It follows from the facts enumerated above that if for some element
n of the A structure, which is a model of the elementary theory of
the addition of natural numbers, the calculation of the Collatz
algorithm is in�nite, then the structure is a non-standard model of
the theory. Hence, by transposition, we obtain Collatz theorem.

ut

6. Podsumowanie

Nietrudno zauwa»y¢, »e przedstawiony dowód jest okr¦»ny. Nie po-
tra�my, na razie, przedstawi¢ dowodu wyprowadzonego wprost w
algorytmicznej teorii AT N z aksjomatów tej teorii lub np. z prawa
Archimedesa, które jest twierdzeniem teorii AT N .
Kolejne zadanie to oszacowanie kosztu algorytmu Collatza, wiemy,
»e obliczenia s¡ sko«czone, ale nie potra�my oszacowa¢ ich dªu-
go±ci. Natomiast koszt odpowiedzi na pytanie czy liczba n jest
elementem drzewa Collatza jest staªy O(1). Z twierdzenia Collatza
potra�my jednak wyprowadzi¢ kilka ciekaych wniosków, o czym
napiszemy osobno.
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7. Dodatek A � Kilka faktów o elementarnej
teorii dodawania

W rozdziale 4 zaobserwowali±my par¦ po»ytecznych faktów o trójkach
reprezentuj¡cych liczby naturalne.
Rozwa»a¢ b¦dziemy nast¦puj¡c¡ teori¦ T+, por. [Grz71] str. 239 i
nast¦pne.

De�nicja 1. Teoria T+ = 〈L, C, Ax〉 jest ukªadem trzech przedmiotów:

L jest j¦zykiem pierwszego rz¦du. Na alfabet tego j¦zyka skªadaja
si¦: zbiór V zmiennych, znaki operacji: 0, S,+, znak relacji
równo±ci =, znaki funktorów logicznych i kwanrt�katorów, znaki
pomocnicze, m. in nawiasy..
Zbiór wyra»e« poprawnie zbudowanych to suma teoriomno-
go±ciowa zbioru termów T i zbioru formuª F .
Zbiór termów T jest to najmniejszy zbiór napisów zawieraj¡cy
zbiórzmiennych V i napis 0 i zamkni¦ty ze wzgl¦du na reguªy:
je±li dwa napisy τ1 oraz τ2 s¡ termami to termem jest te» napis
postaci (τ1 + τ2), je±li napis τ jest termem to napis S(τ) jest tak»e
termem.
Zbiór formuª jest najmniejszym zbiorem napisów zawieraj¡-
cym równo±¢i tj. napisy postaci (τ1 = τ2) i zamkni¦tym ze
wzgl¦du na reguªy: je±li napisy α oraz β s¡ formuªami to for-
muªami s¡ tez napisy postaci

(α ∨ β), (α ∧ β), (α =⇒ β), ¬α

formuªami s¡te» napisy postaci

∀x α, ∃x α

gdzie x jest zmienn¡, a α jest formuªa.
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C jest operacj¡ konsekwencji zdeterminowan¡ przez przyj¦cie ak-
sjomatów logiki pierwszego rz¦du (rachunku predykatów) i reguª
wnioskowania logiki pierwszego rz¦du

Ax jest zbiorem formuª wyliczonych poni»ej.

∀x x+ 1 6= 0 (a)

∀x ∀y x+ 1 = y + 1 =⇒ x = y (b)

∀x x+ 0 = x (c)

∀x,y (y + 1) + x = (y + x) + 1 (d)

{Φ(0) ∧ ∀x [Φ(x) =⇒ Φ(x+ 1)] =⇒ ∀xΦ(x) (I)

(19)

Tu napis Φ(x) nale»y zast¡pi¢ jak¡kolwiek formuª¡. Ostatni wiersz
jest wi¦c schematem indukcji.
Do tego zbioru dodajemy aksjomaty de�niuj¡ce dodatkowe poj¦cia

Parz(x)
df
≡ ∃y x = y + y (p)

x div 2 = y ≡ (x = y + y ∨ x = y + y + 1) (D2)

3x
df
= x+ x+ x (3x)

W teorii T+ przeprowadzimy dowody paru faktów znanych z rozdzi-
aªu 4. Dzi¦ki temu upewnimy si¦, »e fakty te prawdziwe ¡ tak»e
w ka»dym modelu teorii . Natomiast w rozdziale 5 posªu»ymy si¦
teori¡ Presburgera

De�nicja 2. Teoria Ar = 〈L, C, Ax〉 jest ukªadem trzech przedmiotów:

L jest j¦zykiem pierwszego rz¦du. Na alfabet tego j¦zyka skªadaja
si¦: zbiór V zmiennych, znaki operacji: 0,+, znak relacji równo±ci
=.
Zbiór wyra»e« poprawnie zbudowanych to unia zbioru termów
T i zbioru formuª F . Zbiór termów T jest to najmniejszy zbiór
napisów zawieraj¡cy zbiórzmiennych V i napis 0 i zamkni¦ty
ze wzgl¦du na reguªy: je±li dwa napisy τ1 oraz τ2 s¡ termami to
termem jest te» napis postaci (τ1 + τ2), je±li napis τ jesttermem
to napis S(τ) jest tak»e termem.
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C jest operacj¡ konsekwencji zdeterminowan¡ przez przyj¦cie ak-
sjomatów rachunku predykatów i reguª wnioskowania logiki
pierwszego rz¦du

Ax jest zbiorem formuª wyliczonych poni»ej.

∀x x+ 1 6= 0 (A)

∀x x 6= 0 =⇒ ∃yx = y + 1 (B)

∀x,y x+ y = y + x (C)

∀x,y,z x+ (y + z) = (x+ y) + z (D)

∀x,y,z x+ z = y + z =⇒ x = y (E)

∀x x+ 0 = x (F)

∀x,z ∃y (x = y + z ∨ z = y + x) (G)

∀x ∃y (x = y + y ∨ x = y + y + 1) (H2)

∀x ∃y (x = y + y + y ∨ x = y + y + y + 1 ∨ x = y + y + y + 1 + 1) (H3)

. . . . . . . . .

∀x ∃y



x = y + y + · · ·+ y︸ ︷︷ ︸
k

∨

x = y + y + · · ·+ y︸ ︷︷ ︸
k

+1∨

x = y + y + · · ·+ y︸ ︷︷ ︸
k

+ 1 + 1︸ ︷︷ ︸
2

∨

. . .

x = y + y + · · ·+ y︸ ︷︷ ︸
k

+ 1 + 1 + · · ·+ 1︸ ︷︷ ︸
k−2

∨

x = y + y + · · ·+ y︸ ︷︷ ︸
k

+ 1 + 1 + · · ·+ 1︸ ︷︷ ︸
k−1



(Hk)

. . .

Przypomnijmy par¦ faktów
F1. Teoria T+ jest elementarnie równowa»na teorii Ar.[Pre29, Sta84]
F2. Teoria Ar jest rozstrzygalna. [Pre29].
F3. Zªo»ono±¢ teorii Ar, czyli koszt udowodnienia, »e dane zdanie α
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jest twierdzeniem (lub jego negacj¡) jest rz¦du podwójnie wykªad-
niczego O(22n). [FR79].
F4. Teorie T+ oraz Ar maj¡ modele niestandardowe, tj. modele
zawieraj¡ce elementy nieosi¡galne, zob Dodatek C, strona 29.

8. Dodatek B� dowód twierdzenia 4.1

W tym rozdziale wyka»emy, »e zdanie dla ka»dego n istniej¡ x, y, z
takie, »e n ·3x+y−2z jest twierdzeniem teorii T+ dodawania. Elemen-
tarna teoria T+ dodawania liczb naturalnych zostaªa przypomniana
w dodatku A.
Dziaªania mno»enia i pot¦gowania s¡ niedost¦pne w teorii T+. Ale
nie s¡ niezb¦dne do osi¡gni¦cia naszego celu.
Teori¦ T+ wzbogacamy o dwie funkcje P2(·) oraz P3(·.·). zde�niowane
w ten sposób
P2(0) = 1 P3(y, 0) = y

P2(x+ 1) = P2(x) + P2(x) P3(y, x+ 1) = P3(y, x) + P3(y, x) + P3(y, x)

Lemat 3. Powy»sze de�nicje s¡ poprawne, tzn. twierdzeniami teorii
T+ wzbogaconej w ten sposób s¡ zdania ∀x∃y P2(x) = y i ∀x,y,zP2(x) =
y ∧ P2(x) = z =⇒ y = z.

T+ ` ∀x∃y P2(x) = y i

T+ ` ∀x,y,zP2(x) = y ∧ P2(x) = z =⇒ y = z.

Podobnie twierdzeniami wzbogaconej teorii T+ s¡ zdania ∀y,x∃z P3(y, x) =
z i ∀y,x,z,uP3(y, x) = z ∧ P3(y, x) = u =⇒ z = u.

Dowód przebiega przez indukcj¦ wzgl¦dem zmiennej x.

Potrzebna nam b¦dzie nast¦puj¡ca de�nicja relacji mniejszo±ci a <

b
df
= ∃c a+S(c) = b. Wykorzystuj¡c de�nicje funkcji P2 oraz P3 napiszemy
wyrazenie P3(n, x) + y = P2(z).

Lemma 8.1. Nast¦puj¡ce zdanie jest twierdzeniem wzbogaconej teorii
T+

∀n∃x,y,zP3(n, x) + y = P2(z)

Najpierw przez indukcj¦ dowodzimy, »e T+ ` ∀n n < 2n. A dokªad-
niej, T+ ` ∀n n < P2(n). �atwo sprawdzi¢, »e T+ ` 0 < P2(0). Zaªó»my,
»e T+ ` ∀n{n < P2(n)}. Nierówno±¢ n + 1 < P2(n + 1) wynika z dwu
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nierówno±ci T+ ` n < P2(n) i T ` 1 < P2(n).

W podobny sposób uzyskamy T+ ` P3(n, x) < P2(z) ∧ (z = n+ x+ x)
Wynika st¡d, »e T+ ` ∀n∃x,y,z P3(n, x) + y = P2(z).
Wªa±ciwie wykazali±my, »e ∀n,x∃y,zP3(n, x) + y = P2(z)

Lemma 8.2. NiechM b¦dzie jakimkolwiek modelem arytmetyki Pres-
burgera. Element n jest osi¡galny wtedy i tylko wtedy gdy istnieje
taka trójka reprezentuj¡ca element n, tj. taka, »e zachodzi równo±¢
P3(n, x) + y = P2(z) czyli n · 3x + y = 2z i liczby x, y, z s¡ osi¡galne.

Proof:
Je±li speªnione s¡ formuªy
{q := 0; while q 6= x do q := q + 1 od}(x = q),
{q := 0; while q 6= y do q := q + 1 od}(y = q),
{q := 0; while q 6= z do q := q + 1 od}(z = q)
i ponadto zachodzi równo±¢
P3(n, x) + y = P2(z) to ªatwo sprawdzic,»e speªniona jest formuªa {t :=
0; while n 6= t do t := t+ 1 od}(t = n) ut

9. Appendix C - an example of an in�nite
computation

At this point, we'll remind you of a few facts that are less known
to the IT community. In Appendix A we described the Ar theory
of addition of natural numbers. The only functor in the language
of this theory is +, we also have two constants 0 and 1 and the
predicate of equality =. Now, we will program the algebraic struc-
ture M, which is a model of this theory, i.e. all axioms of theory Ar
are true in the structure M. First we will describe this structure
as mathematicians do, then we will write a class (ie a program
module) implementing this structure. medskip

9.1. Mathematical description of the structure

M is an algebraic structure

M = 〈M ;0,1,⊕; =〉 (NonStandard)
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such that M is a set of pairs 〈k, w〉 where element k ∈ Z is an integer,
element w is a rational, non-negative number and the following
requirements are lsatis�ed:

(i) for each element 〈k, w〉 if w = 0 then k ≥ 0,

(ii) the meaning of the constant 0 is 〈0.0〉,

(iii) the meaning of constant 1 is 〈1.0〉,

(iv) the operation ⊕ of addition is determined as follows

〈k, w〉 ⊕ 〈k′, w′〉 df= 〈k + k′, w + w′〉.

Lemma 9.1. The algebraic structure M is a model of Ar theory.

The reader will check that each axiom of the Ar theory is a sentence
true in the structure M.
The structure M is not a model of the AT N , algorithmic theory of
natural numbers. Elements of the structure 〈k, w〉. such as w 6= 0
are unreachable. i.e. for each element x0 = 〈k, w〉 such that w 6= 0 the
following condition holds

¬{y := 0; while y 6= x0 do y := y + 1 od}(y = x0)

The subset N ⊂M composed of only those elements for which w = 0
is a model of the theory AT N . The elements of the structure N are
called reachable. A very important theorem of the foundations of
mathematics is

Fact 9.1. The structures N and M are not isomorphic. See [Grz71],
p. 256.

As we will see in a moment, this fact is also important for IT
specialists.

9.2. De�nition in programming language

Perhaps you have already noticed that the M is computable. The
following is a class that implements the structure M. The imple-
mentation uses the integer type, we do not introduce rationalNum-
bers explicitly.
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unit StrukturaM: class;
unit Elm: class(k,li,mia: integer);
begin

if mia=0 then raise Error fi;
if li * mia <0 then raise Error fi;
if li=0 and k<0 then raise Error fi;

end Elm;
add: function(x,y:Elm): Elm;
begin

result := new Elm(x.k+y.k, x.li*y.mia+x.mia*y.li, x.mia*y.mia )
end add;
unit one : function:Elm; begin result:= new Elm(1,0,2) end one;
unit zero : function:Elm; begin result:= new Elm(0,0,2) end zero;
unit eq: function(x,y:Elm): Boolean;
begin

result := (x.k=y.k) and (x.li*y.mia=x.mia*y.li )
end eq;

end StrukturaM

The following lemma expresses the correctness of the implementa-
tion

Lemma 9.2. The set of Elm objects with the add operation is a
model of the Ar theory

9.3. In�nite Collatz algorithm computation

How to execute the Collatz algorithm in StructuraM? It's easy.

pref StrukturaM block
var n: Elm;
unit odd: function(x:Elm): Boolean; ... result:=(x.k mod 2)=1 ... end odd;
unit div2: function(x:elm): Elm; ...

begin
n:= new Elm(8,1,2);

while not eq(n,one) do
if odd(n) then

n:=add(n,add(n,add(n,one))) else n:= div2(n)
fi

od
end block;
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Below we present the computation of Collatz algorithm for n =
〈8, 1

2
〉.

〈8, 1

2
〉, 〈4, 1

4
〉, 〈2, 1

8
〉, 〈1, 1

16
〉, 〈4, 3

16
〉, 〈2, 3

32
〉, 〈1, 3

64
〉, 〈4, 9

64
〉, 〈2, 9

128
〉, · · ·

None of the elements of the above sequence is a standard natural
number. Each of them is unreachable. It is worth looking at an
example of another calculation. Will something change when we
assign n a di�erent object? e.g. n: = new Elm (19,2,10)?

〈19, 10
2
〉, 〈58, 30

2
〉, 〈29, 30

4
〉, 〈88, 90

4
〉, 〈44, 90

8
〉, 〈22, 90

16
〉, 〈11, 90

32
〉, 〈34, 270

32
〉, 〈17, 270

64
〉,

〈52, 810
64
〉, 〈26, 405

64
〉, 〈13, 405

128
〉, 〈40, 1215

128
〉, 〈20, 1215

256
〉, 〈10, 1215

256
〉, 〈5, 1215

512
〉, 〈16, 3645

512
〉, 〈8, 3645

1024
〉,

〈4, 3645
2048
〉, 〈2, 3645

4096
〉, 〈1, 3645

8192
〉, 〈4, 3∗3645

8192
〉, 〈2, 3645∗3

2∗8192
〉, 〈1, 3∗3645

4∗8192
〉, 〈4, 9∗3645

4∗8192
〉, · · ·

And one more computation.

〈19, 0〉, 〈58, 0〉, 〈29, 0〉, 〈88, 0〉, 〈44, 0〉, 〈22, 0〉, 〈11, 0〉, 〈34, 0〉, 〈17, 0〉, 〈52, 0〉, 〈26, 0〉,
〈13, 0〉, 〈40, 0〉, 〈20, 0〉, 〈10, 0〉, 〈5, 0〉, 〈16, 0〉, 〈8, 0〉, 〈4, 0〉, 〈2, 0〉, 〈1, 0〉

Corollary 9.1. The structure M, which we have described in two
di�erent ways, is the model of the T+ theory (you can also say that
this structure implements the speci�cation given by the axioms
of the Ar theory), with the non-obvious presence of unreachable
elements in it.

Another observation

Corollary 9.2. The halting property of the Collatz algorithm can-
not be proved from the axioms of the T+ theory, nor from the Ar
theory.

The reader may wish to construct the computation that starts with
〈8, 1

7
〉.
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