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ABSTRACT. I. We are showing that the following phrase of ethnic lan-
guage ” For every n, if n is a natural number then 3n+1 computation (aka
Colatz computation) for n is finite.” is a semantically valid statement.

To do so we need a sufficient and necessary criterion of halting of 3n +1
computation, see lemma Next, the Main lemma [5.1| asserts that
every instance of the criterion where the variable n is replaced by a nat-
ural number r is a statement wvalid in the standard data structure 91 of
natural numbers. A corollary of the lemma says: every instance of the
cnjecture where the variable n is replaced by any natural number ¢ # 0,
is a theorem of elementary arithmetic, in which the addition is the only

operation.

II, Paradoxically, the Collatz conjecture itself is not a theorem of num-
ber theory (Peano’s arithmetic), nor any mathematical theory that uses
the first-order language and the classical predicate logic. It is so because,
1°every formalized, first-order theory has models that are non-isomorphic
to the standard model of natural numbers, and 2 °the infinite computa-
tions can be n encountered in a non-standard computable model of the
elementary theory of natural numbers with addition.

To avoid the paradox, we will conduct our considerations in the for-
malized algorithmic theory AT N of natural numbers. The logical conse-
quence operation of the theory is determined by the calculus of programs
AL, which is an extension of the predicate calculus. The halting con-
dition of the Collatz computations is written as an algorithmic formula
(e Thi)

III. We are proving that, four infinite sets Stg, St1, Sta, St3 of formulas,
are the recursive sets of theorems of the theory ATN. We conclude our
proof of th Main theorem, c.f. page[29] making use of the inference rule
R3( on page to the infinite set Sts of premises. Note, every premise

has a proof.

(Main thm) ATN bV,

q:=1; m = n = 26
while n # ¢ while m # 1 do
do n=q)| = m:=3-m+1; (m=1)
q:=q+1 m:=m + 2:5(m)
od od
FORALL n, IF n is a natural number THEN the computation for n is finite FI

The antecedent of this implication is the axiom A;) of the ATN theory,
c.f. page @5 Hence, we can cut it off.
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1. INTRODUCTION

The 3n + 1 problem remained open for over 80 years. It has been for-
mulated in 1937 by Lothar Collatz, c.f. [Lag10]. The problem became quite
popular due to its wording, for it is short and easy to comprehend.

Collatz remarked that for any given natural number n > 0 , the sequence
{n;} defined by the following recurrence

mog="mn
(recl) m; + 2 when m; is even

Mip1 = for 1 >0
3-m;+1 when m; is odd

seems always reach the value 1.

He formulated the following conjecture
(Collatz conjecture) for all n exists 7 such that m; =1

Note, the recurrence defines an infinite sequence of natural numbers.
If an element m; = 1 then all subsequent odd numbers are also equal to 1.
One may say: the nature of 3z + 1 problem concerns the stabilizationof the
subsequence that contains all odd numbers of the sequence {m;}.

The number of papers devoted to the problem is very high, c.f. [LagI0] . In
2024 alone, 230 preprints dealing with the 3n+1 problem were announced.
It is worthwhile to consult social media: Wikipedia, youtube etc, there you
can find technical analysis of the problem as well as some surprising ideas
how to prove the Collatz conjecture.

Computers are used and are still crunching numbers in the search of an
eventual counterexample to the Collatz conjecture. The reports on progress
appear each year.

We claim that the counterexample approach is pointless, i.e. the computers
can be turned off. Namely, we shall prove that any program that searches

a counterexample will never reach its goal.

Qur goal will be achieved if we prove that for each natural number n
the computation of the following algorithm |Cl| in the algebraic domain I

of natural numbers is finite.
while n # 1 do

(Cl) if even(n)then n:=n—+2else n:=3n+11f
od

In this way we replaced the problem of stabilization of infinite sequences by
the problem of termination of computations.
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A bit of history.
Below, we recall some important theorems, a couple of not too difficult
remarks and a paradox.

e The formulation of the Collatz problem contains the phrase "for
every n in the set N of natural numbers". Note, that the data struc-
ture of natural numbers can not be axiomatized by any set of first-
order formulas. It is a corollary of Godel’s incompleteness theorem.
Consquently, no proof of Collatz conjecture exists in any first-order
theory.

e Note, that many important semantical properties: "the Archimedean
property", "the halting property of program", et al., can not be ex-
pressed as first-order formulas [Kar64, TMR65].

e Erwin Engeler [Eng93| in 1967 remarked that the halting property

of program can be expressed by an infinite disjunction of quantifier
free formulas.
Next, he proved that algorithmic properties of programs executed in
the structure of ordered real numbers are provable from the axioms
of ordered, fields plus the Archimedean property (understood as an
infinite disjunction).

e Programs are finite texts. The infinite disjunctions considered by
Engeler have regularities.

e Motivated by this observation A. Salwicki (1969) introduced algo-
rithmic formulas and the logical calculus (of programs) AL with
iteration quantifiers [MS87|. The AL calculus allows to specify algo-
rithmic properties and to construct the proofs that verify the validity
of properties.

e The following expression |{while vy do z:=3z+ 1 od }a(z)| (it

consists of a program and a formula) is an example of simple algo-
rithmic formula. Every pair consisting of a program and a formula is
an algorithmic formula. The set of all formulas contains all classical
formulas, all simple algorithmic formulas and is closed with respect
to the boolean operations: disjunction, V conjunction A, negation —
and two pairs of infinite boolean operations: the classical quantifiers
3.V and two iteration quantifiers (| {K} a to be read as the formula
a holds after any iteration of the program K. An existential iteration
quantifier | J { K} « reds:there is an iteration of program K such that
the formula {K'} « is satisfied.
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e The logical value of the formula K« at a given valuation v of vari-
ables is determined as follows:

v = > {T,F} run the program K at v to arrive at
K / another valuation v = K(v), then
v evaluate the value of the formula «
at the valuation o', i.e. val(Kao,v) =
val(a,v"). If the result valuation v’ is

not defined then val(Ka,v) =T.

e We introduced two countable families of infinite operations.
The meaning of the formula ({K} « is the greatest lower bound
g.l.b. of the meanings of the formulas of the set {a, Ko, K?a, K3a, . ..
The meaning of the formula | J{K} « is the least upper bound Lu.b.
of the meanings of the formulas {«, Ka, K?a, K3, ... }.

Algorithmic formulas of the form ’While vdo K oda‘ also define

infinite operations on logical values.

e The calculus of programs enjoys the completeness property.
The proof of the completeness theorem uses of the Rasiowa-Sikorski
lemma, c.f. [MS87].

1.1. An illustration of some regularities.
Look at the table

TABLE 1. CASE n=19 of (compact) computation

1-st column =m; of Collatz computation, next columns: x =no of
multiplications, z=no divisions,
y=code of path from n to current m;. In next columns 6 and 7 we check

invariant n - 3* +y z my - 27,

Computation Analysis
m | x z |k n3*+ m - 2%
oo }(I) oo 1}; T For each itP-row 0<1i<6
ki+1 = Ii(?)mZ + 1)
29 | 1 1 1)1 58 58 ks
m;y1 = (3m1 + 1) <+ 2N+l
1112 5 413 176 176 . i
xi=1 AND z; =), .k
171 3 31 51 544 544 L ,
ANND y; =y 0" 3% J . 9%
13|14 125 7|2 1664 1664 | . S .
5l s 503 10| 3 5190 5120 invariants: 1° n - 3% 4+ y; = m,; - 2%
2 - JSoB+ ) = my -2
116 2533 14| 4 16384 16384 K M
G 0 two halting conditions: 1° 3;m; =1
1|7 23983 16| 2 2 2 i ‘ ,
2" dien n- 3"y =27
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An analysis of the algorithm [C]| leads to lengthy, awkward formulas that
are error prone.
However, it helped us in noticing, that every computation of the 3n+1
algorithm is accompanied by a computation on the triples (x,y, z) . Here
the value of x shows how many operations of multiplications were done.
Similarly, the value of z is the number of division by 2 executed. We remark
that the value of y is a code of path starting from n. Look at table [I}
The computation on triples always terminate. For some triples it ends with
error. The problem reduces to the task of proving that for every number n
there exists an approppriate, error-free triple.

1.2. Properties of the structure 91 of the natural numbers.
It is tacitly assumed that computations are performed in the standard struc-

ture of natural numbers 1.
N =(N,0,1,s,+,*, =, 0dd)

where N is the set {0,1,s(1),s(s(1)),...s”(1),...}.

The meaning of the functor + is the standard operation of addition. The
sign = denotes the identity relation. The t predicate odd(x) = T iff x is odd
number. Note, odd(x) 4 dr=2+2+1

In fact, we do not need multiplication operation, for the term 3 * x can
be replacded by x + x + x. Similarly 2 xx = z + 2z and z + 2 = z iff
drx=z+zVer=z+2z+1.

A theory that completely specifies the structure 91. We are going to formu-
late and prove a theorem of termination property of the Collatz algorithm.
Therefore we need to choose a theory that 1°) Specifies the structure N.
2°) Allows to express the termination property of algorthm. 3°) Provides
enough tools to prove such formula.

Two traditional candidate theories are the Peano’s arithmetic or Pres-
burger theory of addition (Remember our computations need not multipli-
cation operation.).

However, we are using a third theory: the formalized, algorithmic theory
of natural numbers ATN, [MS87, MS21]. For it comes together with the
following categoricity property.

Theorem 1.1. Every model of the ATN theory is isomorphic to

the standard structure .
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Note, The operations of multiplication by 3 and division by 2 can be
defined by simple programs with addition as the only operation. This ob-

servation will be used in our considerations.

1.3. Properties of computations.

Every natural number n may be presented in the form n = 2¢- (25 +1). C.f,
the notion of the pairing function.

In the sequel we use two functions k,p: N — N defined as foolows

Definition 1.2.  |r(2-(2j +1) L p(2i(25 + 1) L 2j +1

(In many texts the function « is written as exp(n,2).) Note that func-
tion x can be defined by an appropriate formula of Presburger arithmetic.

We shall present and analyse computations in their compact form. The figure
illustrates the concept.

52 34 88 58 even
& & & 5
/22 /2t /2 /2"
13 17 11 29 19 odd

FIGURE 1. An example of compact computation

Definition 1.3. A compact form of Collatz computation for a given number
n is a subsequence that contains odd numbers only. More precisely, it is the
sequence of numbers {m;},_; such that my = n =+ 25" and for i > 0 the
element m;y; = (3m; + 1) = 256™i+D o simply m;,1 = p(3m; + 1).

2. COLLATZ TREE
A universal (generic) definition of tree reads as follows

Definition 2.1. A set D of finite sequences of natural numbers is a tree iff
it satisfies the conditions (i) and(ii)
(7) if a sequence s = iy,i9,...,%-1,%9 € D then its non-empty prefix
s’ =iy,19,...,1_1 € D also belongs to D,
(77) the empty sequence () € D. Tt is the root of the tree.

According to this definition the set of finite computations of the program
written in the reverse order is a tree. We call it the Collatz tree. The
figure [2] illustrates a fragment of Collatz tree.
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Conjecture 2.2. The Collatz tree contains all natural numbers.

O A Y L L T Y 4
N Y T L Y " e
I Y T I N Y v
l N | | | N | A

| l ~. | | ~.

| |

| |

| |

| | J‘ I
x\l/y ”\,‘/“\

FIGURE 2. A fragment of Collatz tree

Shown levels 4-15. It does not include levels 0-3, they consist of elements 1
—2—4—8—.
Does every natural number n belong to the Collatz tree?

3. HALTING CONDITIONS FOR COLLATZ’S COMPUTATIONS

Our aim, in this section, is to find a halting formula for the 3n + 1 com-
putations that will exhibit the properties of the computations and therefore
will facilitate the proof. Note, that the obvious candidate, i.e. the formula
{Cl}(m = 1) leads to an infinite disjunction of quickly lengthening (and
obscure) conjunctions. Therefore we shall consider other programs that are
equivalent to the Cl program.

We begin with the algorithm equivalent to the algorithm C1. Next, we
consider three algorithms Grl, Gr2, Gr3 that are successive extensions of

the edGi] algorithm.

Lemma 3.1. The following algorithm G is equivalent to Collatz algorithm
Cl.

while even(n) do n :=n + 2 od, n = p(n);
while n # 1 do while n # 1 do
(Gr) n:=3x*n+1; or shorter n:=3x*n+1;
while even(n) don:=n+2 od n = p(n);
od; od;

Proof. The equivalence of the algorithms Cl and Gr is intuitive. Compare
the recurrence of Collatz (recl)) and the following recurrence (rec2|) that is
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calculated by the algorithm Gr.

(rec2) ko =k(n) AN  mg=p(n)
ki—i—l = I*{,(?)’I’I’LZ + 1) AN mi+1 = p(?)TI’LZ + 1) for ¢ 2 0

The definitions of the functions x and = p are contained in Definition [1.2]
on page [} Note, the following equivalence holds

(3.1) (k(n)=1UnApn)=m') &
{1:=0; m :=n; while even(m) do m:=m=+2;l:=1+1o0d} (m=m'Al=1').

One can say the algorithm Gr is obtained by the elimination of if instruc-
tion from the C1 algorithm. However, construction of a formal proof is a
non-obvious task. We are encouraging the reader to fill the details. U

Corollary 3.2. Every halting condition of the program Gr is also a halting

condition for the program C'.

Next, we present the algorithm Grl, an extension of algorithm Gr.

var n,aux,i : integer; k,m : arrayof integer;

I :’ i:=0; ki :== k(n); m; :== p(n);
while m; # 1 do

aur :=3*xm; + 1; ki1 = k(aux);

(Grl)

Ar: mit1 = plauz); i:=1i+1

od

Lemma 3.3. Algorithm [Gr1] has the following properties:
(i) Algom'thms and are equivalent with respect to the halting property.

(i) The sequences {m;} and {k;} calculated by the algorithm satisfy
the recurrence [rec2

Proof. Both statements are very intuitive. Algorithm is an extension
of algorithm [Gi} The inserted instructions do not interfere with the halting
property of algorithm Second part of the lemma follows easily from
the remark that ky = k(n) and my = p(n) and that for all i > 0 we have
kiv1=r(3%xm; + 1) and m;y1 = p(3-m; + 1). O

Each odd number m in Collatz tree, m € D, initializes a new branch. Let
us give a color number x + 1 to each new branch emanating from a branch
with color number z. Note, for every natural numberp the set of branches
of the color p is infinite. Let W, denote the set of natural numbers that
obtained the color x. The set W, will be calles the z-th stratum pf the set
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N of natural numbers.

768 22 136 138 832 23 140 141 848 852 85. 120 908 909 5456 5460 5461

IRAVAVARRYA

384 11 68 69 416 70 424 426 2561 2688 75 452 453 272 454 2728 2730 16384

1280 1344 226 1360 227 1364 1365 8192

VARV

FiGURE 3. Strata Wy, — —W, of Collatz tree

Let s be a variable not occurring in algorithm Grl. The following lemma
states the partial correctnes of the algorithm Grl w.r.t. precondition s =n
and postcondition s € W;.

Lemma 3.4. If the algorithm Grl halts for a number n then it computes
the number 1 of stratum W; that contains the number n,

{Grl}(true) = ((s =n) = {Grl}(s e Wl))

Next, we present another algorithm and a lemma.

var n,auzr,i, z,y : integer; k,m : arrayof integer;
Lo | d,y:=0; 2,k := k(n); m; = p(n);

while m; # 1 do

(Gr2) aux = 3*xm; + 1; ki1 = k(auz);

Ny | Yy :=3xy+2% z2:=2+ ki

mir1 = plauz); i:=i+1

od

Lemma 3.5. Algorithm Gr2 has the following properties:
(i) Both algorithms Grl and Gr2 are equivalent with respect to the halting
property.
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(i) Formula ¢ : |n-3" 4y =m; - 2°| is an linvariant of the program Gr2
i.e. the formulas and

(3.2) {To} (n-3"+y=m;-2°) Ni=0)

(3.3) ((n-3'+y=m-2°)Ai =2) = {Ao}((n-3'+y = m;-2°)Ni = 2+1)
are theorems of the algorithmic theory of numbers ATN .

Proof. Proofs of formulas (3.2)), (3.3]) are easy, it suffices to apply the axiom

of assignment instruction Axg, see subsection U
768 (4,266,11),; 136 138 832 23 140 141 848152 853 5120 5376 150 904 906 5440 151 908 909 5456 460 5461 32768

Voo

T T A AT

384 (4,133,10); 68 69 416 424 426 2560 2688 75 452 453 2720 2728 2730 (0,0,14)
NN/ v ||
192 (3,106, 10) 34 208 35 212 213 1280 1344 226 1360 227 1364 1365  (0,0,13)
N/ N/ N/ \/
9% (3,53,9)17 104 (2,70,10)106 640 672 113 680 682 (0,0,12)
| N/ | | | N/ | |
(2,80,9)4s (2,44, 9)5 (2,35,9)53 (1,64, 10)320 (1,16, 10) 336 (1,4,10)340 (1,1,10)341 (0,0,11)
| | N | N S
(2,40, 8)5 (2,22, 8)5 (1,32,9)160 168 170 (0,0,10)
| | | | |
(2,20, 7)1 (2,11, 73 (1,16,8)s0 84 (1,1,8)s5 (0,0,9)
(2,10,6)5 (1,8, T)a0 42 (0,0,8)
(2,5,5)3 (1,4,6)20 (1,1,6)2; (0,0, 7)128
(1,2,5)10 (0.0,6),
| |
(1,1,4)5 (0,0,5)3
\ /
(0,0,4)16

FIGURE 4. Tree of triples (strata 4 — 15)

Subsequent algorithm Gr3 exposes the history of the calculations of x, y, 2.

var n,auz,i : integer; k,m,x,y,z : arrayof integer;
Uy |4,y :=0; 25,k := k(n); my := p(n);
while n - 3' + y; # 2% do
(Gr3) aux :=3*xm; + 1; ki1 = r(aux);
Ag i | Yiy1 = 3% Y + 275 21 = 2 + Kiga;
miv1 = plaux); i =i+ L;x; =1

od

The algorithm G73 has a couple of interesting properties.

Lemma 3.6. Some semantical properties of the program Gr3 are:
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(i) Both algorithms Gr2 and Gr3 are equivalent with respect to the halt-
mng property.
(1i) For every element n after each i-th iteration of algoritm Gr3, the

following four formulas are satisfied

©: n-3 4y =m;- 2% Eixp =1
4 i i-1/
B =k vin= 5 (30 2)
=0 7=0

and the sequences {m;}and {k;} satisfy the equalities of the recur-
rence (recd).

(111) In other words, the following formula is valid in the structure N of
natural numbers

(3.5) NET; ﬂ{ifmﬁélthenAgﬁ}(go/\g/\C/\v)

(iv) for every element n the sequence of triples (x;,y;, z;) calculated by
algorithm Gr3 is increasing, monotone as it can be seen from the
following formula.

(3.6)
(m; # INk; = k(3m+1)) = {As} (i1 = 1+1AY1 = 3Yi+25 Nz = 2i+ky)

(v) Hence, for every element n the sequence of triples (X; (= 1),Y;, Z;)
calculated by algorithm Gr3 is increasing, monotone as it can be seen

Jrom the following formula (3.7)).
(3.7)

(vi) after each i-th iteration of subprogram As the equivalence (3.8)) holds

(3.8) N = {5} {Ad}l (mi 1 & n-3" +y; > 2%)

Remark 3.7. We can say informally that the algorithm Gr3 performs as
follow

1:=0;
while n ¢ W; doi:=i+1od

Let us note an interesting information on route in graph

Corollary 3.8. For every natural number n, for every natural number p €
N the triple (p, yp, zp) computed by the program {I's;for i := 1 to p do A; od}
determines a path from the number n to number m,

(3.9) N =|{Ts;for i := 1 to p do Az od} (n- 3 + y, = m, - 2°7)

Observe the following criterion
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Lemma 3.9 (The sufficient and necessary criterion for termination of 3n+1
computations). Let r be a natural number (i.e. a numeral). The following

conditions are equivalent

(1) the 3n + 1 computation for the number r is finite,

(ii) the following formula (3.1 is valid

(3.10)
(y - jz:j:) 3717 . 9= ’“P) A (z - pzi%kp) A
3o (r-3"+y =27)A (k:():/{(n)/\mozp(n))/\
(I/_\l(kl+1 — k(3 + 1) Amuss = p(3mu + 1)))

1=0
We draw the reader’s attention to the fact that the formula (3.10) (in

the criterion [3.9)) is a formula of the inessential extension of Presburger’s

theory — i.e. the elementary theory of addition of natural numbers, c.f. the
lemma in the subsection



4. HoTEL CoLLATZ HC

Look at the figure [5] Imagine that the hotel HC consists of infinitely many towers. For each tower, the number of the room on the ground floor
of the tower is odd. There is one room on each floor. Its number is twice the number of the room located on the floor below. Let n = 2 - (25 + 1)
. It means that the room number n is located in j**-tower on the floor number i . Each tower is equipped with an elevator (shown as a green line).

Moreover, each tower is connected to another by a staircaise that connects numbers k = 25 + 1 and 3k + 1. This is shown as a red arrow (k, 3k + 1).

Definition 4.1 (Hotel Collatz). The graph HC = (V, E) is defined as follows
V=N i.e. the set of vertices is the set of standard, reachable, natural numbers
E= {(k,p; 3k =p+pU{(k,3k+ 1 dk=p+p+1} are edges of the graph

Note. Don’t forget, our drawing [5]is only a small fragment of the infinite HC structure. The figure [5]shows a small part of red arrows. We drew only

those red arrows that fit entirely on a page.

|
4
L]
L
\\
-
—L |
-
N T A .
]
L]
~2 I
= —
—
‘/,‘.\4><,_v/,.. I e S S R T T T e T S I T (N
L— 1
. [ — LT
|~ T [ |
T || — S

F1GURE 5. Hotel Collatz
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It’s easy to see that the sloping (red) edges of the HC graph change di-
rection to the left or right. An odd-numbered edge with an odd-numbered
start goes to the right. An even-numbered edge with an even-mumbered
origin goes to the left.

Is it possible to find a cycle? Look at he figure [§] This tree contains only
odd numbers. If there is a cycle then it must be located farther then the
largest number of the tree.

So, the problem reduces to the question: is there an infinite path?.

Is it possible to discern an infinite, increasing sequence of numbers m;?

The following lemma [1.2] brings a partial answer to this questions.

Lemma 4.2. Let n € N be an odd, natural number. The following condi-
tions are equivalent:
(i) The number n satisfies te equality n + 1 = 2°PT1. (25 + 1) where p, j
are natural numbers,
(ii) the sequence n = my < mg < --- < my, of p consecutive numbers
wn the compact computation is monotone, increasing, and the next

computed number is smaller my, > my,y;.

Proof. For every 7 = 0,...,p, by the definition of compact Collatz compu-
tation, c.f. pagd7] the following equality holds

mjq1 = p(3 s my + 1)

(BASE) Let us look at m; = p(3-my+1) . Note, 3:-mo+1 = 3-(20H1.2—1)+1 =
3-(2Pt.2)—2=2-(3-2P-x—1) and the value of the term 3-(2P-x—1) is an
odd number, because expo(2-3-(2P-x—1),2) = 1. Hence m; = 3-(2P-z—1).
(INDUCTION STEP) In the same way we show that for every j = 2,....p
the subsequent number m; satisfies the equality

(4.1) mj=p(3 - (2P .z —1)+1)
and is odd.
It is obvious that the sequence n = mg, my, ..., m, is increasing.

It is evident that m,;; < m, because the number of the odd number m,, is
even, for the number 37! - z is odd. U

Corollary 4.3. From the lemmal[{.9 we learn two facts:
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e For any natural number g € Nat there exists a compact computation
that contains the sequence of length q of consecutive, increasing odd
numbers

e There is no infinite increasing computation of standard (reachable)

odd numbers.

The above lemma shows that there is no infinite computation with
all edges going right. For every natural number n the sequence of consecu-
tive edges going right is no longer than x(n + 1).

Corollary 4.4. It suffices to analyze the set of all odd, natural numbers.
Imagine the graph HC in three dimensional space. Every tower stands over
an odd number o. Any two odd numbers o and p are connected by an edge iff
there ezists a natural number k such that the follwing equality holds p*2F =
3xo+ 1.

Conjecture 4.5. The hotel Collatz is an infinite, connected, acyclic graph,
i.e. it is a tree. Number 1 is the root of the tree.

4.1. The tree F of triples.

In this subsection we shall study properties of the structure of triples of
natural numbers. Some triples represent natural numbers, some do not.
We say that a triple (x,y, z) represents the number n iff the following equal-
ity holds n - 3 + y = 2%. Note, n- 3" +y = 2* & n = (2°2y) + 3",

Definition 4.6. Consider a triple (x,y, z). We say that the triple z,y, z
terminates succession iff it satisfies two conditions

(1) 3,n-3"+y =27 and

(i7) Jpm - 3541 4y = 22
in the xase when the condition (7) is not satisied and the condion () holds

we put 6(x,y, 2) 4 (2;;3’ mod 3) — 1

Definition 4.7 (of triple’s i-th successor S;). We shall comnsider only
triples that are representing natural numbers, i.e. that the formula d3,n -
3* + y = 2% holds. If the triple (x,y,z) terminates succession then it has
no successors. In the opposite case the triple (z,y, z) has infinitely many
successors defined as follows

Si<x7y72> ﬁ <x+17y*2k+3x72+k>
S~ ———— N
2! Y P

Where i = 1,2,... and k= 2i — 5(2;;?’). The successor S1((0,0,0)) is not defined.
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Definition 4.8 (of triple’s predecessor P (x,y, 2)). The predecessor of the
triple (x,y, z) is the triple
p <.f13,y,Z> ﬁ <$; 17 (y; Bmél) - 2/4(3;;390;1))72,; ﬁ(Q;Sx;I)>

Definition 4.9. Let F' be the set of triples, such that, it contains the triple
(0,0,0) and is closed with respect to the operations S; of successors and P
of predecessor.

The following lemma is a collection of useful facts about the suc-
cessors and the predecessor of the triples.

Lemma 4.10.

(4.2) Si(t) # (0,0,0)

(4.3) Sit) #1t

(4.4) Imerdien m = Si(t) = P(m) =

(4.5) P(m)=t=3; m = Si(t)

(4.6) Si(t)=S;(t) = i=}

(47) 5,(5:0) # 5(51)

(45) P4 = () £50)

(4.9) (0,0,0) #t = 3, S;(P(t)) =t

(4.10) the values of S (0,0,0)andP (0,0,0) are undefined

Every formula appearing in the above lemma may be easily verified.

Definition 4.11. The graph F is the system
F =(FFE)

where set F' is the set of nodes and the set E (of edges) is the set of all pairs
of triples (¢, S;(t)), i = 1.2.---.
Alternatively we may consider § an algebraic system of triples with one con-
stant (0,0, 0) and infinitely many successors and one predecessor operation
and one predicate of equality =

L (F;(0,0,0),{5}* ,P,=)

You may look at the figure [6]

We define the the family {7;}7°, of subsets of the set F' of triples.

Definition 4.12. Ty £ {(0,0,0)}
d —
ﬂ-ﬁ-l :f {<l‘7 Y, Z> : EliéNzl(x’,y’,z/>Eﬂ Si<x/7 yly Zl) = <ZE, Y, Z> }
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Let F; denote the the set F; & U ;.
=0

J

Definition 4.13. We define a family of subgraphs of the graph F
F L (F,E0(F x F)),
Remark 4.14. (i) Every graph F; is a tree.

(74) The union of the trees F = |J F; is a tree.
=0

Note the following facts

Lemma 4.15.
(i) The graph F is cyclic-free.
(i) The graph F is connected.
(11i) Hence, the graph F is a tree.
(iv) A triple (x,y,z) is a leaf iff it represents a number n divisible by 3.
(v) Every branch of the tree F is finite.
(vi) The family {T,}°, is a partition of te set F.

Let us observe the following scheme of natural induction with infinitely
many Successors

Lemma 4.16 (scheme of natural induction with infinitely many successors).

Let V(t) be an algorithmic formula in which t is a free variable of type

triple of natural numbers. The formula of the scheme(NIS) is a theorem of

algorithmic theory of triples.

(NIS)

W(t/(0,0,0)) A[(T(t) A=t is aleaf) = VienV(t/Si(t))] = Vier¥(t)
The proof goes by the induction with the respect to the levels [ of the

family {77}7°,-

Lemma 4.17. For every triple t € F the following algorithm termi-
nates when executed in the structure §

(4.11) {while t # (0,0,0) do t:= P(t) od}
The proof is by an easy induction.

Lemma 4.18. For every triple t € F there exists a sequence of natural

numbers ji, jo, - .. jr_1, Jr sSuch that the following equality holds

t= Sjr(SjrA(”' Sj2(sj1(<07 0, O>)) SR ))
Proof. The proof follows easily from the previous lemma [4.17. A look at the
figures [6] and [7] and lemma4.19] may help too. O
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27

57

2

43 177 89

1 T

65 33 133 67

49 197 25 101 51 205

(2,131,11) o .o (2,11027,11)  (2,4099, 14)

(1,1,10) _ (1,1,12)

S
14

FIGURE 6. A fragment of the tree F
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Siq (84 (t0))

FIGURE 7. TWO ALGORITHMS TO FIND A PATH FROM 1 TO r OR FROM r TO 1

A couple of equivalent conditions, that relate computations on numbers and computations on triples. The numbers k; and i; are related as follows k; = 2i; — §(m;_1).

Lemma 4.19 (The case of finite computation). Let r # 0 be any natural number. The following conditions are equivalent
(i) The algorithm halts.
(ii) The algorithm halts and thepost-condition r - 3% +y = 2% holds {Gr2}(r - 3% +y = 2%)
2=z Yy =y 2=z m:=m
while 2’ +¢' + 2’ # 0 do
ki=r(y); m=Pm); ' =2’ —1; yf :=(y - 3" )22 2/ =2 —k
od

{Gr2)(n 5 +y=2) =

e

iré

DMODIMTVS'V ANV VISMOIMYIN'D
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4.2. The graph G of odd, natural numers.

We shall introduce the notions of successors and of predecessor of an odd,
natural number. Consider the set V' of all odd, natural numbers. We are
going to define a graf G, see figure. |8l This diagram shows odd natural
numbers only. E]We define the graph G, look at Fig. ,

Definition 4.20. Graph G of odd numbers is the system of two sets
gL {V,E}

The set V' (of nodes) is the set of all odd natural numbers.
The set E (of edges ) is the set of all pairs (n,m) such that

cl) n,m are odd natural numbers, E CV x V,

¢2) the number n is indivisible by 3, nmod 3 # 0,

n - 22i—6(n) -1
3

Definition 4.21 (of successor m = S;(n)). The i-th successor of an odd
g 221'75(71) -1

c3) m=- where i € {1,2,...} and 5(n)£nmod3fl.

number n is defined as follows S;(n) , where i = 1,2, ...
NOTE, the odd numbers divisible by 3 (n mod 3 = 0) have no
successors, i,e, they are leaves.

NOTE successor Si(1) is not defined.

Definition 4.22 (of predecessor n = P(m)). The predecessor of an odd
3xm+1

number m is the odd number n = G

The following lemma gathers a couple of useful facts.

Lemma 4.23.

(4.12) Si(n) # 1

(4.13) Si(n) #n

(4.14) m = S;(n) = P(m)=n

(4.15) P(m) =n = ;50 m = S;(n)

(4.16) Si(n) =Sj(n) = i=

(4.17) 1#J = S5i(Si(n)) # Si(S;(n))

(4.18) i <j = Si(n) <Sjn)

(4.19)  the value of S1(1) is undefined as well as the value of P(1)

ITo see the even numbers imagine that you are looking at the Hotel Collatz from
below. Every tower of the hotel i.e. the set of all numbers {2¢(2t + 1)}, = 0,1,2,... is
hidden behind its number 2¢ + 1.
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Proof. We shall prove the formula (.15)). If P(m) = n then n - 2FG™m+D) =
3-m+ 1. Hence i = (k(3-m+ 1)+ d(n)) + 2.
The proof of the remaining formulas is left to the reader. U

One can easily remark, that the graph G is a tree-like structure, or a

forest.

57
2

43 177 89

1 1\

65 33 133 67

49 197 25 101 51 205

4 1 3
X“T ? / /
9 37 19 r 325
7 29 15 61 cee
3 3

1 / \

11 45 181... 369 1477. .. 23
1 // ///

17 69 277 35 141 75 301

4 6 1 3 4
3 13 53 213 853 113 453 227 909
5

FIGURE 8. A fragment of the graph G, The numbers k; on the

edges indicate the numbers ofsuccessors S;, namely i = [%]

4.3. The diagram of the 3n + 1 structure of odd numbers.
In this subsection we are going to prove that the graph G is a tree. Namely,
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we shall prove that the graph G is isomorphic to the tree F.

Imagine a three dimensional graph FG. It consists of two graphs F and
G allocated on their own planes. The corresponding nodes of the graphs
are joined by arrows f. Look at the figure [0l We put f(0,0,0) =1 and in
general f (z,y,z) = (2% - y)+ 3"

It is easy to verify that the mapping f is an injection. Is it a bijection?

1) By the definition of the graph G, every odd, natural number is a
node in the graph G.

2) It remains to be proved that for every natural number o ( o indivisible
by 3) and for every i € N, the pair (o0, S;)) is an edge in the graph G.[It
would imply the connectivity of the graph G.] We shall present the proof
ofcorrectness of the definition together with thw proof of the following

lemma

Definition 4.24. [An implicit definition of the function g: Odd — F,| The
function g is defined as follows g(l)g (0,0,0) and for every odd number o

af 5
we put g(o') = Si(g(P(0))).
Lemma 4.25. The diagram on the figure [I(] commutes

(4.20) Voer Si(f(P())) = f((t))
(4.21) Vorcoaa 9(0") = Si(g(P(0)))

and the functions f and g = f~! define an isomorhism of graphs F and G.

Proof. Let ty = (0,0,0). Obviously,, f(ty) = 1. By the definition g(1) =
(0,0,0). Hence g(f(to)) = to and g(Wy) = Ty and f(Ty) = Wh.

For every number i = 2,3,. .., the element t, has the i-th successor S;(ty) =
(1,1,2i). We may easily check, that g(f((1,1,2i))) = (1,1,2i). In this way
we proved that for every odd number t' € T the value of g(f(t')) = t' is
defined. Moreover, This shows also, that f(71) =Wy A g(W) =T;.

We are going to prove the following induction thesis:
For every natural number [ and for every triple ¢ € T} the following condi-
tions hold

(7) the value of g(f(t')) is defined, is equal to ¢ and

(i) F(T) = Wi A g(W) =Ti.
We have already proved the thesis for [ = 1.
Assume the thesis is proved for all numbers &£ < [. Suppose that for some
element o € W,_; there exists a number 75 € N such that iq is the successor
of o ¢ W,. That is, in the graph G there is no edge from element o labeled
Si,- The diagram [L0|is therefore not commutative.
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909

s

2cm

37 il (6,7,7131, 11),,;

9
T5 7 % 29 431."11% N
93

19

15 :
Th 11 4f/ 372
69 75 141 5

301,

(2, 18203, 14) 5

Ty (0,0,0),

F1GURE 9. Graphs F and G are isomorphic

By inductive assumption, we know that there exists a triple ¢ € T;_; such
that the equalities g(0) =t and f(¢) = o hold.

From the properties of the tree F, we have that for every number ¢ € N, the
result of the operation S;(t) is defined. Let S;,(t) = t'. Consider the number
o = f(t'). We will show that the pair of numbers (o0,0’) is an edge of the
graph G and is labeled S;,.

It is easy to see that P(t') = t. We also have P(0') = o.

By setting g(o') = S;,(P(d')), we ensure the commutativeness of the dia-

gram, contrary to the assumption.
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o =8;(0)=(0-2%2"9-1)+3

=5 /= I
0= P(o)) = (3-0 +1)+2%5 T
fl9 f g
t'=S;(t) = (x+1,y-2%79 4 3% 24 2i — §)
(t=(@v.2)] (=@+1y.2))

t = P(t’) =(z' - 1,((y — 33@’_1) - (221'—6)),2,/ — (20 — &)

FIGURE 10. Commutativity of successors S; (on odd num-
bers) and S; (on triples)

From the lemma [4.25| we deduce the following

Lemma 4.26. Let n be an arbitrary odd number and the triplet = (x,y, z) =
g(n), the following equalities (4.22) hold

(yZS‘”lJ 955=0 kp )/\( fjk,,)A
7=0 p=0

(422) (-3 +y=2°) A (% Mmp)A

(ac/_\l (kis1 = £(8my 4+ 1) Amyyq = p(3my + )))
1=0

Proof. The straightforward proof goes by an induction with respect to the
levels of the tree G and is left to the reader. O

Note, the formula is identical with the termination criterion [3.10]
We complete our con51derat10ns by the following

Lemma 4.27. For every natural number n € N, the execution of the pro-

gram (Gr3)) is finite.

Proof. Every 3n + 1 computation is loop-free.
Every natural number n belongs to the graph G. The proof goes by induction
on the levels of diagram . We use also the commutativity lemma [4.25 [

Consider the following program (Ptr])

while m # 1 do
(Ptr) m = P(m)
od
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Let n be a numeral, i.e. an expression that contains only constants, operators
and parentheses (no variables).
Examples: 3 =1+ 1+ 1, 227 = (2048 - 1027) = 9,

Lemma 4.28. Let n be a numeral representing a natural number. Every
fornula of the following scheme (4.23])

(4.23) {m :=mn; Ptr}(m=1)
15 valid, i.e. the program Ptr terminates when executed with the initial val-

uation of the variable m = n.

Proof. The thesis follows immediately from the properties of the figure[d] O

5. MAIN LEMMA

Lemma 5.1. For every natural number r the formula holds
i=0
z= zz: k:p> A
(5.1) {z = O}U{:c =xz+1} | (r-3"+y=2%)A p=0
ko = k(n) Amo = p(n) |A

I]\l k41 = K(Bml + 1)/\
1=0 \ M1 = p(3my +1)

The lemma states that for every natural number r, the 3n + 1 com-

putation terminates. More exacly, it states that the set St, of formulas is
recursive and it consists of theorems of AT N theory.

Proof. By an easy induction on the levels of the tree G, c.f. Fig. [8| we verify
that every node of the tree satisfies the termination criterion (3.10)), O

5-3+1=16
67-3% +y =27
5461 -3 +1 =2
Example 5.2. P(P(227))
P(227)=341

22732 45 =2U (((227%341) = 21)*34+1) + 2'19=1

Corollary 5.3. Let Sty be the set of sentences of the form (Sol)

(1) every sentence of the set Sty is a theorem of T’ theory (i.e. of an
inessential extension of Presburger theory) and hence it is the theo-
rem of ATN algorithmic theory of natural numbrs as well.

(i) the set Sty is a recursive set.

Let » > 0 be a natural number, let ¢, be the number such that the
formula [5.1]is valid in the structure .
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e The set of equations Sty that contains all equalities of the form ([Sp))

1S a recursive set.

( : \ ©

> ki(r)
(50) Sto i r. 3 + Z gir—1-7 22;:0 kp(r) _ 2Rz/—’

=0

J/

-

)

J r=1

e Every element of the set Sty is a theorem of the theory AT P (Pre-
burer’s arithmetic).

The lemma states that 1°) the infinite set Stq of expressions is accompanied
by an algorithm that decides whether a given formula ¢ belongs to it, ¢ €
Sty and 2°) every element ¢ of the set Sty is a theorem of (inessentially
etended) first-order theory of addition of natural numbers. Note, the proof
of statement ¢ is done by performing the computation of algorithm.

Corollary 5.4. In other words, every number r can be presented in the

following form

kj )
%.karflfl' s

e — — V=21 ks
3 .9k _ 1
(5.2) _,

or in yet another form

(5.3) r = S (Sk1 ( . (Skw (gk”u») . ))

or in even shorter form

(5.4) Pr(ry=1

5.1. The limitations of the Main lemma.

Does the lemma [5.1] solve the problem stated by Lothar Cllatz?

It seems so, since for every natural number r the computation of the algo-
rithm C1 in the structure O is finite.

One can write the statement

Vodey.n-3" +y=2°
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Is it a theorem?
Is the statement (5.5)) a theorem?

while n # 1 do
(5.5) VY, if odd(n) thenn:=3-n+1lelsen:=n+2fi p(n=1)
od

In 1929 Stanistaw Jaskowski[Tar34] remarked that, a substructure J C €
of the field of complex numbers, is a model of Presburgers’ arithmetic. Note,
it provides a counterexample(s). This shows that the sentence
is not a theorem. For the details consult the subsection R.Il

The algorithmic formula {q := 0; while n # ¢ do ¢ := ¢+ 1 od} (n = q)
is satisfied by all elements that are natural numbers and it is not satisfied
by other non-standard elements.

5.2. The positive consequnces of main lemma.
For every r > 0 be a natural number, a numeral representing this number
will be denoted by r. There exists the number i(r)such that formula of the

form

(5.6) n=r — {F3 :if m # n then Aj ﬁi(r)} (m=1)

is a theorem of the theory ATN.
Note, that the formula [5.6 can be replaced by an equivalent formula (pro-
vided that the variable [ does not appear in Aj)

(5.7) n=r = {I'y;for [:=1toi(r) do Az od} (m =1).
Example 5.5.

1
NEn=67T = {m::n;forl::ltOSdom::mod}(mzl)
)

)

NE{m:=373;for [ :=1to4dom:=pB*xm+1)od}(m
NEn=1367 = {m:=n;forl:=1to 11 dom:=p(3*xm+ 1) od}(m

1
1

6. PROOF OF THE COLLATZ CONJECTURE

We claim that the formula expresses the conjecture of Col-
latz. Look at the implication in the formula (Main Thm). The antecedent
of this implication says: "n is a natural number" for it has the value T (i.e.
true) iff n = 1Vn =2Vn = 3V....Similarly, the consequent of the
implication takes the value T iff the program in the consequent terminates
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and the final value of the variable m is 1.

Theorem 6.1 (Main). The following formula is a theorem of
formalized algorithmic theory ATN

m:=n = 2°M;
q:=1 .
hil Zqd while m # 1 do
while n o
(Main Thm) 4 (n=¢q)| = m:=3-m+1; (m=1)
g:=q+1 r(m)
m:=m-+2
od
od

FORALL n, IF n is a natural number
THEN the computation for n is finite FI

The theorem reads as follow, (the program in the consequent is abbreviated as
Gr):
for every n, if n # 0 is a natural number,
then the computation of the program Gr is finite and final value

of the variable m = 1.

The idea of the proof can be explained as follow:

(1) We know that the set Sty, see page[27,(So)|, is recursive and consists
of theorems of elementary theory of addition of natural numbers (i.e.
the Presburger’s arithnetic with helpful but inessential extensions),
and hence the elements of the set Sty are theorems of the algorithmic
theory of numbers ATN.

(2) We transform this set to three consecutive sets Sty — St; — Sty —
St in such a way that every set St;,i = 1,2,3 is recursive and
consists of theorems of algorithmic theory of natural numbers. Every
formula ¢ of the set St; 1 has a proof from some formula ¢ € St;.

(3) In the last step we apply the inference rule Rj, see page , of infin-

itely many premises.

We use a couple of denotations. Let r be a natural number.

The sign I' abbreviates the program {m = = 280, }

The sign A denotes the program {m =3-m+1;, m:=m-+ 2”(’")} or if
you like {m := 3 -m + 1; while even(n) do n :=n + 2 od}.

Proof. We are resuming at the main lemma [5.1] for every natural number

r exists number 4, such that m; = 1.
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Consider the set St; of formulas such that for every natural number r the
formula of the scheme (6.1])

(6.1) n=r = {T}{if m #1 then A iY'®™ (m =1)
is contained in St;.

Lemma 6.2. The following conditions hold

(i) The set Sty is a recursive set.
(ii) For every formula v € Sty there is a formula ¢ € Sty such rhat the

equivalence p = 1 1s a theorem of program calculus.

62) ShZ {n —r = {[}{if m %1 then A i}'® (m = 1)}°°

r=1
In the proof of the lemma, we use the following axiom (Az1g)) of assignment
instruction

(Az1g) {z =71}a(r) & alz/7)

On the lefthandside is an algorithmic formula where {z := 7} is assignment instruction, and
a(z) is a formula. On the righthandside is the formula that arises from «a(x) by replacing all

free occurencies of the variable x in a by expression 7.

and the axiom Axyy of conditional instruction if.

(Az9) if v then K else M fia < (v A Ka) V (-Ma))

Next, we consider the set St, that contain all formulas of the scheme shown
in the equation [6.3] and only such formulas.

(6.3) Sty g {n =r = {I'; while m # 1 do A od} (m = 1)}

r=1
Our next observation says:
T2) Every formula ¢ from the set St, is a theorem of algorithmic theory
ATN of natural numbers.

Each formula of the set St, is proved from a corresponding formula ¢ in
the set St; using the following theorem (ThIf)) of calculus of programs.

M;
(ThIf) {M;if v then K fi'} (0 A —+y) = { whiley 5 (aA—)
do K od

Hence the thesis T2) is justified.
Therefore, the set Sts that consists of all formulas of the scheme (6.4)).

T, -
=0 ’
(6.4) Sty L {? N +1}T}(n:q):> whilem#1 % (m=1)
=4 do A od 1
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and no other formulas is the set of theorems of the theory ATN .
Now, we apply the following inference rule R3 of calculus of programs

{M;if v then K fi'}(-yAa) = B},

(Rs) {M;while v do K od}(-yAa) = f}

to obtain the theorem of the algorithmic theory ATN of natural
numbers. O

COMMENT, the proof of the theorem is an infinite tree, all
of its branches are finite, all leafs are axioms (or some eaerlier proved theo-
rems). Obviously,such a proof can not be written in finite time. Instead, we
have proved that the proof exists. For the definition of proof in the calculus
of programs consult [MS87| Definition 11.5.2, p.58.

7. FINAL REMARKS.

Our message does not limit itself to the proof of Collatz theorem.
Namely, we are presenting a solid argument that the algorithmic language
of program calculus is indispensable for expressing the semantic properties
of programs. Halting property of program, correctness property, axiomatic
specification of data structure of natural numbers,etc., can not be expressed
by (sets) of first-order formulas.

We show the potential of calculus of programs as a tool for

e specification of semantical properties of software and

e verification of software against some specifications.
We hope the reader will forgive us for a moment of insistence (is it a pro-
paganda?).
Calculus of programs AL is a handy tool. For there are some good reasons

to use the calculus of programs

(7) The language of calculus AL contains algorithms (pro-
grams) and algorithmic formulas besides terms and first-
order formulas.

(7) Any semantical property of an algorithm can be ezpressed
by an appropriate algorithmic formula. Be it termination,

correctness or other properties.
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\ 0O
\Il(azr)
(r- 3" +y(i,) = 2% )A
ip—1 ;
Sty d )y = r = (y(ip) = > 31 2217:0]“”("))/\
7=0
(21, = 270 k(1))
\ J r=1
st { n=r = {I}{if m #1 then A it'® (m =1) }
r=1
Stgi{n:f — {I'; while m #1do A od} (m=1) }
r=1
df q:=0; L .
Sty = { B +1}£ (n=¢q) = < whilem#1 p(m=1)
1= do A od
r=1
(moi=n-+=200) )
q:=1 . ’
) while m # 1 do

while n # ¢ do

V20 (n=gq)| = m:=3-m+1; p(m=1)
d m:=m -+ 2
o)
4 Od Vs
FORALL n, IF n i;ra natural number

—~
THEN the computation for m is finite FI

(

\

m:=n-+ 2“(");

while m # 1 do

m:=3-m+1; (m=1)
m = m = 2r(m)
od

FIGURE 11. Structure of the proof
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(77) Algorithmic formulas enable to create complete, categor-
ical specifications of data structures in the form of algo-
rithmic theories.

(7v) Calculus of programs AL offers the complete set of tools

for proving theorems of algorithmic theories.

Another contribution that this paper offers is an original way of proving
theorems. Our proof of the Collatz conjecture is made in two stages. First,
we prove that there are some recursive sets of formulas consisting of theo-
rems of the ATN theory. Second, we reason on the sets of theorems much
like one reasons on formulas and apply the infinitary rules of inference to
achieve the goal.

There are many questions that remain open.

7.1. Computational complexity.

From the papers of M. Presburger [Pre29, [Sta84] and D. Cooper [Coo72]
one can infer an estimation of the pessimistic cost of a 3n + 1 computaion
is 0(2%").

We have the following conjecture and a remark

Conjecture 7.1. For every natural number n its 3n + 1 computation con-

sists of no more than 2n multiplications by 3 and no more than 3n divisions
by 2.

Remark 7.2. One needs not to execute 3n + 1 computation. Just accept 1

as the proven result.

7.2. Principle of structural induction with infinitely many succes-
sors.

Structural induction is a useful variant of the mathematical induction. Here
we formulate its non-trivial version ([IS]).

Let a(x) be an algorithmic formula with a free variable z. Note, that
when one replaces all the free occurrences of the variable z in the formula
a(x) by a term 7 then the resulting expression a(z/7) is a formula too.

Lemma 7.3 (Scheme of structural induction with infinitely many succes-
sors). If

B) for every natural number p € N, the formula o(xz/2P) is a theorem of
the formalized, algorithmic theory ATN,

and
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K) for every odd, natural number x such that x mod3 # 0 the following
implication
a(r) = Vip,a(x/Si(x)-2P) is a theorem of the theory ATN,
then
the formula V,ena(n) is a theorem of the algorithmic theory ATN
too.

Below, we present two variants of the scheme, one, with the iteration quan-
tifiers.

{i =0 N{i=i+1;z:=2"Y Aalz) A
) { {z =1}z =z +2}[(a(z) A3t2)] = } ~
{i:= 0} Wi:= i+ 1H{p:= 0} {p:=p + 1H{z = Si(z) - 2"}a(2)
{z=1}e:=2+2} ({i =0} {i:=i+ 1}a(z-2")

And another version, written with the classical quantifiers. In the latter
case the axiom of reachability must accompany the scheme.
(1S2)
ViN(@G) A afz/28) A [VOdd(z) (a(z) A3t a) = ViVpN(p) Aa(z/Si(z)2P)] = VnN(n) A a(n) ‘

Proof. The proof was already sketched in section 6. See also the figure
O
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8. SUPLEMENTS

In this section, for the reader’s convenience, we have collected some def-
initions, facts and statements. some useful theorems.

8.1. A structure with counterexamples.

where Collatz computations may be of infinite length

Here we present some facts that are were discovered around 1929 by two
students of Alfred Tarski: Mojzesz Presburger [Pre29, [Sta84] and Stanistaw
Jaskowski [Tar34]. These facts are less known to the IT community.

These facts may seem strange. The reader may doubt the importance of
those facts. Yet, it is worth considering, non-standard data structures do
exist, and this fact has ramifications. Strange as they seem, still it is worth-
while to be aware of their existence.

Now, we will expose the algebraic structure JJ, which is a model of the
theory Ar, i.e. all axioms of theory Ar are true in the structure J. First we
will describe this structure as mathematicians do, then we will write a class
(i.e. a program module) implementing this structure.


http://lem12.uksw.edu.pl/images/2/27/On-Collatz-thm-11-10-21.pdf
http://lem12.uksw.edu.pl/images/2/27/On-Collatz-thm-11-10-21.pdf
https://arxiv.org/abs/2311.01474
https://arxiv.org/abs/2311.01474
http://cs.fit.edu/~ryan/papers/presburger.pdf
http://cs.fit.edu/~ryan/papers/presburger.pdf

36 G.MIRKOWSKA AND A.SALWICKI

Mathematical description of Jaskowski’s structure. J is an algebraic struc-

ture
(NonStandard) J=(M;0,1,®; =)

such that M C C is a set of complex numbers k + ww, i.e. of pairs (k, w),
where element k € Z is an integer, and element w € QT is a rational,
non-negative number w > 0 and the following requirements are satisfied:
(1) for each element k + 1w if w = 0 then k£ > 0,
(i) 0L (0+40),
(i) 1L (1. +40),
(iv) the operation @ of addition is determined as usual

(k+ww) @ (K + ') L (k+ ) + 1w + w).
(v) the predicate = denotes as usual identity relation.

Lemma 8.1. The algebraic structure J is a model of first-order arithmetic

of addition of natural numbers T .

The reader may check that every axiom of the 7 theory (see definition[3.9]
p., is a sentence true in the structure J, cf. next subsection

The substructure 91 C J composed of only those elements for which w = 0
is also a model of the theory 7.

It is easy to remark that elements of the form (k,0) may be identified with
natural numbers k, k € N. Have a look at table

The elements of the structure 91 are called reachable, for they enjoy the
following algorithmic property

Voen {y :=0;whiley #ndoy:=y+1 od}(y =n)

The structure J is not a model of the ATN, algorithmic theory of natural
numbers, cf . subsection Elements of the structure (k, w). such as w # 0
are unreachable. i.e. for each element zy = (k,w) such that w # 0 the
following condition holds

—{y :=0;while y # g do y :=y+ 1 od}(y = xo)

The substructure 91 C J composed of only those elements for which w = 0 is
a model of the theory ATN c.f. subsection[8.4] The elements of the structure
N are called reachable. A theorem of the foundations of mathematics states:

Lemma 8.2. The structures N and J are not isomorphic.
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For the proof see [Grz71], p. 256. As we will see in a moment, this fact
is also important for I'T specialists.

An attempt to visualize structure 9 is presented in the form of table [
The universe of the structure J decomposes onto two disjoint subsets (one
green and one red). Every element of the form (k,0) (in this case k& > 0)

represents the natural number k. Such elements are called reachable ones.
Note,

Definition 8.3. An element n is a standard natural number (i.e. is reachable
) iff the program of adding ones to initial zero terminates

nEN%{q::O; while ¢ #n do ¢:=q¢+ 1 od}(¢ =n)
or, equivalently

nEN<CE>{q:zO}U{ifn;«éqthenq::q—%lﬁ}(q:n)

TABLE 2. Model J of Presburger arithmetic consists of complex
numbers a + 1b where b € QT and a € Z, additional condition: b = 0 = a > 0.

d,
Definition of order n > m g Juzom + u = n. Invention of S. Jaskowski (1929).

STANDARD elements Unreachable (INFINITE) elements
—0o---  —11412 —10+122 - 0.—|;'22 1412 <100
—o0o-+- —11+4238  —10+:33 ... 04233 14,32 00
—00- - 711+z% flOJrz% 0+1% 1+zi—g <e 00
—00 - —11+1% —10—1—1% 0—1—143—7 1+1% <o 00
0o 1 2

Note that the subset that consists of all non-reachable elements is well
separated from the subset of reachable elements. Namely, every reachable
natural number is less that any unreachable one. Moreover, there is no least
element in the set of unreachable elements. I.e. the principle of minimum
does not hold in the structure 901.

Moreover, for every element n its computation contains either only stan-
dard, reachable numbers or is composed of only unreachable elements. This
remark will be of use in our proof.

Remark 8.4. For every element n the whole Collatz computation is either
in green or in reed quadrant of the table
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Elements of the structure 9 are ordered as usual
d
Ve :L‘<y:fEIZ¢0 T+z=uy.

Therefore, each reachable element is smaller than every unreachable ele-
ment.

The order defined in this way is the lexical order. (Given two elements p
and ¢, the element lying higher is bigger, if both are of the same height then
the element lying on the right is bigger.)

The order type is w + (w* +w) - n.

Remark 8.5. The subset of unreachable elements (red ones on the table
does not obey the principle of minimum.

The mathematically oriented reader will easily accept our arguments.
For the informaticians we offer the same thought in the software’s disguise.

Definition wn a programming language. Perhaps you have already noticed
that the 91 is a computable structure. The following is a class that imple-
ments the structure 9. The implementation uses the integer type, we do

not introduce rational numbers explicitly.

unit StrukturaM: class;
unit Elm: class(k,li,mia: integer);
begin
if mia=0 or li * mia <0 or li=0 and k<0 then raise Error fi;
end Elm;

add: function(x,y:Elm): Elm;
begin result := new EIm(x.k+y.k, x.[i*y.mia+x.mia*y.li, x.mia*y.mia ) end add;

unit one : function:Elm; begin result:= new EIm(1,0,2) end one;
unit zero : function:Elm; begin result:= new EIm(0,0,2) end zero;

unit eq: function(x,y:Elm): Boolean;
begin result := (x.k=y.k) and (x.li*y.mia=x.mia*y.li ) end eq;
end StrukturaM

The following lemma expresses the correctness of the implementation with
respect to the axioms of Presburger arithmetic AP (c.f. subsection
treated as a specification of a class (i.e. a module of program).

Lemma 8.6. The structure € = (F,add, zero, one, eq) composed of the set
E = {o object : 0o inElm} of objects of class Elm with the add operation is
a model of the AP theory,

¢ AP
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Infinite Collatz algorithm computation. How to execute the Collatz algo-
rithm in StructuraM? It’s easy.

pref StrukturaM block
var n: Elm;
unit odd: function(x:EIm): Boolean; ... result:=(x.k mod 2)=1 ... end odd;
unit div2: function(x:Elm): Elm; ...
unit 3xpl: function(n: EIm): Elm; .. .result:=add(n,add(n,add(n,one))); ...end 3xpl;
begin
n:= new EIm(8,1,2);
while not eq(n,one) do
if odd(n) then
Cl: n:=3xpl(n) else n:=div2(n) | (* a version of algorithm Cl that uses class Elm *)
fi
od
end block;

The reader may experiment with our program. Note, it is easy to adapt to
your favorite syntax (programming language).
1

Below we present the computation of Collatz algorithm for n = (8, 3).

1 1 1 1 3 3 3 9 9
§>> <47 Z)v <27 §>7 <17 ﬁ% <47 T6>> <27 @% <17 a>» <47 a% <27 m% e

(8,
Note, the computation of algorithm Gr for the same argument, looks sim-
pler

1 1 1 1 3 9
=), (4, =), (2, =), (1, =), (1, =), (1, —
(8,50 (4 1 (2,30 (Lgh (L) (L 320

>7 .

None of the elements of the above sequence is a standard natural number.
Each of them is unreachable. It is worth looking at an example of another
calculation. Will something change when we assign n a different object? e.g.
n: = new Elm (19,2,10)7

(19,79), (58, ), (29, 7). (88, %), (44, %), (22, 35), (11, 53), (34, 53), (17, 1),

’ 32 ’ 32 7 64

<527 86%% <267 %% <]_37 % ’<407 1122185>7 <20’ 1225165>7 <10’ 1225165>’ < , 1521125>’ <16, 3561425>’< , ?g%%
(4, 56380 (2 To90)» (1 S50 ) (4 2536570 (2 Sisvas - (1 Tiktos ) (4 Tates )

And one more computation.

(19, 0), (58,0), (29,0), (88,0), (44,0), (22,0), (11,0), (34,0), (17,0), (52,0), (26, 0),
(13, 0), (40, 0), (20, 0), (10,0), (5, 0), (16, 0), (8,0), (4,0),(2,0),(1,0).

Corollary 8.7. The structure 9, which we have described in two different
ways, is the model of the AP theory
with the non-obvious presence of unreachable elements in it.

Corollary 8.8. The halting property of the Collatz algorithm cannot be
proved from the azioms of the T theory, nor from the axioms of AP theory.
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8.2. Presburger’s arithmetic.

Presburger’s arithmetic is another name of elementary theory of natural
numbers with addition.

We shall consider the following theory , cf. [Pre29],[Grz71] p. 239 and fol-

lowing ones.

Definition 8.9. Theory 7 = (L£,C, Az) is the system of three elements:

L is a language of first-order. The alphabet of this language consist
of: the set V of variables, symbols of operations: 0,S,+, symbol
of equality relation =, symbols of logical functors and quantifiers,
auxiliary symbols as brackets ...

The set of well formed expressions is the union of te set 1" of terms
and the set of formulas F'.

The set T is the least set of expressions that contains the set V'
and constants 0 and 1 and closed with respect to the rules: if two
expressions 71 and T, are terms, then the expression (13 4+ 72) is a
term too.

The set F' of formulas is the least set of expressions that contains
the equalities (i.e. the expressions of the form (13 = 73)) and closed
with respect to the following formation rules: if expressions a and 3
are formulas, then the aexpression of the form

(a@VB), (anp), (a = B), ~a
are also formulas, moreover, the expressions of the form
V.o, d,«

where z is a variable and « is a formula, are formulas too.

C is the operation of consquence determined by axioms of first-order
logic and the inference rules of the logic,
Az is the set of formulas listed below.

) Vex+1#0

(
(
(c) Voo +0=2z
(d) Yoy (y+1)+a=(y+x)+1
1) ®0) AV, [®(z) = ®(z+1)] = V,D(z)

The expression ®(x) may be replaced by any formula. The result is an ax-
iom of theory This is the induction scheme.



COLLATZ CONJECTURE BECOMES THEOREM 41

We augment the set of axioms adding four axioms that define a coiple of

useful notions.

d
even(z) = Jr=y+y

(
( odd(:p)gﬂyx:y—i—y—l—l

(D2) zdiv2=y=(x=y+yVae=y+y+1)
(

3x) Lot a+a

The theory 7' obtained in this way is a conservative extension of theory

T.

Below we present another theory AP c.f. [Pre29|, we shall use two facts: 1)
theory AP is complete and hence is decidable, 2) both theories are elemen-
tarily equivalent.

Definition 8.10. Theory AP = (£,C, AxP) is a system of three elements

L is a language of first-order. The alphabet of this language contains

the set V' of variables, symbols of functors : 0, +, symbol of equality
predicate =.
The set of well formed-expressions is the union of set of terms 7" and
set of formulas F. The set of terms 7' is the least set of expressions
that contains the set of variables V' and the expression 0 and closed
with respect to the following two rules: 1) if two expressions 7 and
Ty are terms, then the expression (77 + 73) is also a term, 2) if the
expression 7 is a term, then the expression S(7) is also a term.

C is the consequence operation determined by the axioms of predicate
calculus and inference rules of first-order logic

AxP The set of axioms of the AP theory is listed below.
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A) Vox+1#0

) Veor#0 = Jor=y+1
C) Voyzr+y=y+zx

) Vayrr+y+z)=(@+y) +=2
VoyzT+2z=y+2z = x=y
Vex+0=x
G) Vo3 (z=y+2zVez=y+u)
H2) V,3, (t=y+yVae=y+y+1)
H3) V.3, e =y+y+yVe=y+y+y+1lVe=y+y+y+1+1)

o~ o~ o~ o~ o~ o~ o~ o~ o~

r=y+y+---+yVv
&
r=y+y+---+y+lv
e
r=y+y+---+y+l+1lVv
" - N~
(Hk) Vv, 3, k 2

r=y+y+-F+y+ltl+-+1V

k kt2
r=y+y+-+y+ltlto+1
e k1

Let us recall a couple of useful theorems
F1. Theory T is elementarily equivalent to the theory AP.|[Pre29| [Sta84]
F2. Theory AP is decidable. [Pre29].

F3. The computational complexity of theory AP, is triple exponential
O(22° ). This result belongs to Oppen [Opo78] and it can be traced in
the Presburger’s paper [Pre29).

F4. Theories T and AP have non-standard model, see section [8.1] p.

Now, we shall prove a couple of useful theorems of theory 7.

First, we shall show that the sentence V,3,,.n -3 +y = 2% is a theorem
of the theory T of addition. Operations of multiplication and power are
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inaccessible in the theory 7. However, we do not need them.
We enrich the theory 7 adding two functions P2(-) and P3(-.-). defined in
this way

Definition 8.11. Two functions are defined P2 (of oneargument) and P3
(of two-arguments).

P20y <1 P3(y,0) Ly

P2z +1) L P2(2) + P2(x) | P3(y, 2 + 1) L P3(y, 2) + P3(y,z) + P3(y, )

Lemma 8.12. The definitions giwven above are correct, i.e. the following

sentences aretheorems of the theory with two definitions

TEY.3,P2(x)=y and
TEYy P2(x) =yANP2(z) =2 = y ==z

Similarly, the sentences V.3, P3(y,x) = z and V. ..P3(y,z) = z A
P3(y,xz) =u = z = u are theorems of theory T .

An easy proof goes by induction with respect to the value of variable x.

Therefore the theory 77 is an inessential extension of the theory 7. We can
write 27 instead of P2(x) and y - 3" instead of P3(y, x).

In the proof of the lemma , below, we shall use the definition of the
order relation

a<b£§|e¢0a+c=b.

Making use of the definition of functions P2 and P3 we shall write the
formula P3(n,z)+y = P2(z) as it exppresses the same content as expression
n-3* 4y =27

Lemma 8.13. The following sentence is a theorem of the theory T enriched
by the definitions of P2 and P3 functions.

(8.1) Vo3 y - P3(n,x) +y = P2(2)

Proof. We begin proving by induction that 7 F V,n < 2". It is easy to
see that 7 F 0 < P2(0). We shall prove that 7 F V,(n < P2(n) =
(n+1 < P2(n + 1)). Inequality n + 1 < P2(n + 1) follows from the two
following inequalities 7 F n < P2(n) and 7 F 1 < P2(n). Hence the
formula n + 1 < P2(n) + P2(n)) is a theorem of theory 7. By definition
P2(n) + P2(n) = P2(n+1).

In the similar manner, we can prove the formula 7 + V,V, P3(n,z) <
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P2(n+x+ )
As a consequence we have 7 +V,,3,, . P3(n,x) +y = P2(2). O

Remark that the equation [8.1] can be read as
(8.2) Ve yn - 3" +y =27

8.3. An introduction to the calculus of programs AL.
For the convenience of the reader we cite the axioms and inference rules of
calculus of programs i.e. algorithmic logic AL.

Note. Fvery axiom of algorithmic logic is a tautology.
FEvery inference rule of AL is sound. [MS8T7|

Axioms

azioms of propositional calculus

Am)< <<a;»ﬁ);»<<ﬁ:»6>:»> A22) (o= (@V B)

(a=9)))
Azz) (B = (aV B)) Azg)((a =0) = ((B=10) =
((aVp)=19)))
Azs)((a A B) = ) Azs)((a N B) = B)

Aan) ( (6=0a)= (0= 5)= )
(0= (anB))))

Azg)((a A —a) = B) Az10)((a = (@ A —a)) = —a)

Azs)((a = (8= 9)) & (A B) = 9))

Az11)(aV —a)
azioms of predicate calculus

Azi2) (V2)a(z) = a(z/T))) Azi3) (Vo)a(z) & —(3z)—-a(zx)
azioms of calculus of programs

Az1a) K((Fr)e(z)) & (Fy)(Ka(z/y))  Azis) K(aVp) & (Ka) Vv (Kp))

Azis) K(a A B) & (Ka) A (KB)) Azi7) K(—a) = ~(Ka)
(z:=1)y & N
Az1g) < (v(2/7) A (@ = 7)true)) > Az19) begin K; M enda < K(M «)

while v do K od a &

if v then K else M fia &
Atzo) ( )Aml) (MY AV
(A Ka) v (~Ma)) ( (v A K while v do K od(—y A «))) )

szg)ﬂKa(:)(a/\(KﬂKa)) Axgg)UKaE(a\/(KUKa))

Inference rules

propositional calculus

a, (= p)

Ry 3
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predicate calculus

(a(z) = B)
(Br)a(z) = p)

R

calculus of programs AL

R (o= B) R {s({if v then K fi}’ a) = S}licn
* (Ka = Kp) > s({while v do K od} a) = f3
R {(K'a = B)}ien R (= K'B),cn
' (UKa=p) (= NKP)

In the rules Rg and Ry, it is assumed that x is a variable which is not free
in 3, i.e. z ¢ FV(B). The rules are known as the rule for introducing an
existential quantifier into the antecedent of an implication and the rule for
introducing a universal quantifier into the successor of an implication. The
rules Ry and Rj are algorithmic counterparts of rules Rg and R;. They are
of a different character, however, since their sets of premises are infinite.
The rule R3 for introducing a while into the antecedent of an implication
of a similar nature. These three rules are called w-rules. The rule R; is
known as modus ponens, or the cut-rule. In all the above schemes of axioms
and inference rules, o, (3, § are arbitrary formulas, v and ' are arbitrary
open formulas, 7 is an arbitrary term, s is a finite sequence of assignment

instructions, and K and M are arbitrary programs.

Theorem 8.14 (theorem on completeness of the calculus AL). . Let T =
(L,C, Az) be a consistent algorithmic theory, let a € L be a formula. The
following conditions are equivalent

(i) Formula « is a theorem of the theory T, « € C(Ax),
(11) Formula « is valid in every model of the theory T, Az | a.

The proof may be found in [MS87| Theorem II1.2.5 p.94.

8.4. An outline of the algorithmic theory of natural numbers ATN.

The language of algorithmic theory of natural numbers AT N is very simple.
Its alphabet contains one constant 0 zero , one one-argument functor s and
predicate = of equality. Axioms of ATN were presented in the book [MS87]
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(R) Va{q:=0; while g # = do ¢ := s(q) od}(¢ = )
(N) Vz s(z)#0

(J) VaVys(z)=s(y) = z=y

= 0w = x;

q
D) VaV¥
(D) vavy while ¢ #y do ¢ :=s(q) ;w := s(w)od

}<x+y:w>

The termination property of the program in (D)is a theorem of ATN
theory as well as the formulas z +0 = x and = + s(y) = s(z + y).
Note, the following formulas are not theorems of first-order arithmetic of natural numbers
(Peano’s theory).

(8.3) ATNF Fya(z) & {z:=0} U{a: =z + 1}a(z)

(84) ATNFV,a(z) & {z:=0} {z:=2+ 1}a(2)

The axiom of of Archimedes — asserts the Archimedean property of natural numbers
(85) ATNFO0<z<y = {a:=z;whilea<ydoa:=a+zod}(a>y)
Scheme of induction — let a(z) be an algorithmic formla

(8.6) ATNF (a(x/O)/\VI(oz(:v) = a(m/s(m)))) = Vya(z)

Correctness of Euclid’s algorithm

n = ng; ™M = Mo,

whilen # mdo

OA if th =n -
8.7) ATN F < o = ) — tn=mihen ni=n_mol o ged(no, mo))
mo > 0 else m:=m - n
fi
od

The theory AT N enjoys an important property of categoricity.

Theorem 8.15 ( meta-theorem on categoricity of ATN theory). Every
model A of the algorithmic theory of natural numbers is isomorphic to the
structure N.

Compare this theorem with the fact that first-order theory of natural
numbers has non-standard model, c.f. subsection [8.1]
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